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Abstract
In this work, a finite-element formulation for modeling mixed-mode delami-
nation in layered structures, consisting of two-node Timoshenko beam finite
elements with quadratic linked interpolation and corresponding 4-node inter-
face elements is presented and compared to a more common approach where
linear Lagrange interpolation is used. The principal novelty of the proposed
approach is that the vertical displacements of the beam elements, as well as
the transversal relative displacements of the interface elements, are interpolated
using a quadratic linked interpolation that also takes into account the nodal
cross-sectional rotations of the beam elements. At the same time, the axial dis-
placements and cross-sectional rotations are interpolated using linear Lagrange
polynomials. A bilinear cohesive zone model is embedded in the interface finite
elements for delamination modes I and II. Numerical analyses based on the
examples from the literature with metal joints show that the formulation with
quadratic linked interpolation improves the convergence and robustness of the
solution with respect to the approach with linear interpolation. On the other
hand, in case of composites with stiff adhesives this formulation exhibits a pecu-
liar behavior with spurious oscillations of the normal interface tractions that
leads to a poor performance in mode-I and mixed-mode tests. This problem can
be easily solved by canceling the quadratic term in the interpolation function
and using the standard Lagrange interpolation in such cases.

K E Y W O R D S

cohesive-zone model, delamination, finite-element analysis, interface element, linked
interpolation, Timoshenko beam theory

1 INTRODUCTION

Composite structures are nowadays widely used in the industry, from aerospace and automotive, to electronics and
medicine. The interface between components is often the weakest part of the structure, which is why special attention
must be dedicated not only to the design of individual components, but also to the design of their interconnection. In
general, the interconnection between the components can be continuous (adhesives) or discrete (shear connectors) and
although both of these types have a wide range of applicability, in this work we will focus only on continuous interfaces.

This is an open access article under the terms of the Creative Commons Attribution-NonCommercial-NoDerivs License, which permits use and distribution in any medium,
provided the original work is properly cited, the use is non-commercial and no modifications or adaptations are made.
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1774 RANJBAR et al.

For practical reasons, it is also common to model discrete connectors as a “smeared” continuous interface,1,2 which is
defined by their individual compliance (slip modulus).3 Delamination, which is how the loss of interconnection between
the components is usually called, is the most common and severe failure mode in composites.

Understanding and modeling fracture of materials has been an extremely active research topic for almost a century.
Development of linear-elastic fracture mechanics (LEFM), thanks to the pioneering work of Griffith4 and Irwin,5 has pro-
vided relatively simple tools for characterizing fracture resistance of structures that have been extensively used in research
and industry ever since. In fact, essentially all current industrial standards6-8 used to characterize fracture resistance of
composites and adhesive joints are based on LEFM and its key parameter—the critical energy release rate (Gc). On the
other hand, LEFM assumes an infinite stress at the crack tip,9 as a consequence of the very simple model of fracture.
In reality, during crack propagation, most materials will exhibit nonlinear material behavior in a zone of finite length in
front of the crack tip, called the damage-process zone (DPZ). In this zone, before total failure of a material, its bearing
capacity will be progressively lost, which is known as material softening.

Cohesive zone models (CZMs) are nowadays among the most popular tools for modeling crack propagation with
progressive damage, that is, with a DPZ developed in front of the crack tip. Based on the strip-yield model proposed by
Dugdale10 and Barenblatt11 in 1960s, the first implementation of CZMs within the finite-element framework is attributed
to Hillerborg and his co-workers in 1976.12 Since then, there has been a rapid development of various types of CZMs and
today cohesive elements are a standard part of finite-element libraries of most popular commercial software packages for
structural analysis. Each CZM is defined by its traction-separation law (TSL), that is, the relationship between the relative
displacement of the crack faces and the corresponding stress.

In the framework of finite element analysis (FEA), CZMs are usually embedded in so-called interface elements. These
elements are then placed at the interfaces between solid finite elements where the crack is expected to propagate and
attached to their nodes. In a 2D analysis, the interface between solid elements is a line where only normal and sliding
shear relative displacements can occur. In a 3D problem, the interface between solid finite elements is a plane, where in
general all three modes of delamination are possible. In many situations (such as standard delamination tests6-8), however,
out-of-plane effects can be neglected and, for the sake of reducing the computational burden, such simulations are usually
performed using 2D models, where the third mode of delamination (scissoring shear) is excluded. Regardless of whether
the analysis is 2D or 3D, the interface elements with embedded CMZs introduce material nonlinearity in the numerical
model of the type that often causes convergence problems and requires more advanced and robust solution algorithms.13-15

In front of the crack tip, the resulting distribution of interface tractions is highly nonlinear and can include a transition
from tensile to compressive tractions over a very small distance. In turn, extremely fine meshes around the crack tip
are required in some cases and, because the crack tip travels during delamination, this can significantly increase the
computational time required to complete the simulation with a sufficiently accurate (smooth) solution. In order to avoid
this problem, several solutions have been proposed in the literature that include adjusting the interface parameters,16,17

adaptive integration schemes,18-20 and different enrichment of elements.21-23 Therefore, successful numerical modeling
of delamination is a nontrivial task, even using a commercial software.

To reduce the computational cost, instead of more complex 2D solid finite-element models with interface elements,
delamination problems can be modeled by combining beam finite elements with interface elements, which use less degrees
of freedom and possibly provide a more robust solution.24 An analogous approach in 3D has been employed by Dávila
et al.,25 where instead of 3D solid elements, shell elements have been used to model the layers.

Because the nodes of beam finite elements are usually located on the centroidal axis and the interface between com-
ponents is located on the beam edges (top or bottom), the relative displacements at the interface must be computed by
taking into account the distance from the reference axis to the edge of the beam and the beam’s cross sectional rotations.
Therefore, such interface elements must have different degrees of freedom than the standard interface elements used in
conjunction with 2D or 3D solid finite elements. If one wants to exploit the advantages of commercial FEA software infras-
tructure for 2D delamination analyses using beam finite elements, modified interface elements have to be developed and
implemented in the software.

As shown in Reference 26, a way to get around this issue can be found in locating the reference axis (or plane in case
of plates) at the edge of the elements, so that the influence of the cross-sectional rotations on the relative displacements
at the interface is excluded. However, this approach has two main drawbacks. First, it is not applicable to problems that
involve more than two layers, that is, the layers that have interfaces at both edges. Second, as reported in Reference 24,
moving the beam’s reference axis away from the centroidal line decrease accuracy and robustness of the simulation.

Instead of giving a general mathematical formulation of a stack of alternating beam and interface elements, effectively
producing a macro-element with a number of degrees of freedom (DOFs) dependent on the number of layers,24 Russo
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RANJBAR et al. 1775

and Chen20 implemented an independent interface element that can be connected to Euler–Bernoulli (EB) beam finite
elements. They confirmed and additionally elaborated the benefits of modeling delamination using beam finite elements
previously reported in References 15 and 24.

When shear modulus of the layers is relatively low, which is often the case for orthotropic materials such as compos-
ite laminates,16,27,28 accounting for shear deformability of the layers becomes increasingly important. In that respect, the
shear-deformable Timoshenko beam (TB) finite elements possess an obvious advantage over the EB elements. In partic-
ular, it has been shown in Reference 29 that the EB beam solution overestimates the peak load in the load-displacement
curve of a double-cantilever beam (DCB) test. This effect is obviously not desirable in the design of composite structures,
especially so since it amplifies as the interface becomes stiffer.

One aim of this article is to present the manner in which the approach presented in Reference 24 may be applied to
derive an independent interface element, rather than a macro-element composed of layers and interfaces, then facilitating
implementation into existing finite-element codes. More importantly, the article is set to analyse the performance of the
TB elements with the so-called linked interpolation, in which the transversal displacement field depends not only on
the nodal displacements, but also on the nodal rotations. This interpolation has been successfully applied to beams (e.g.,
References 30-34 and the references therein) and plates (e.g., References 35 and 36 and the references therein), but to the
best of our knowledge, not to the problem of delamination in which the layers are modeled as beams or plates. Specifically,
we limit our attention to two-node TB elements (TB2), whereby the linked interpolation enables a quadratic, rather than
only linear, interpolation of the displacement field and investigate the effect of slope discontinuity on the mode I, mode
II and I+II delamination problems involving bilinear cohesive zone interface model. This discontinuity is standard in the
TB elements (with and without linked interpolation) and beneficial for the accurate description of shear in the presence
of concentrated forces and reactions. Here we investigate its effect in delamination, where such concentrated effects are
absent and assess the benefits of linked interpolation.

An important point to note is that in a conformal finite-element setting, the edges of an interface element should
displace exactly as the edges of the layers between which the interface is sandwiched, which depends on the displace-
ment interpolation used in the beam layer, possibly linked, and the offset between the layer edge and the corresponding
reference line. The interface element therefore, involves not only the nodal displacements, but also the nodal rotations.

The article is organized as follows. In Section 2, the formulation of the 4-node interface element with
Timoshenko-beam quadratic linked interpolation is given, along with all relevant details for the numerical implementa-
tion. In Section 3, the performance of the proposed finite-element model is assessed using delamination tests in mode-I,
mode-II, and mixed-mode (I+II) and compared with an analogous model that uses standard linear Lagrange interpolated
elements interpolation. Finally, in Section 4, conclusions are drawn and guidelines for the future work given.

2 FE IMPLEMENTATION OF THE BEAM-LINKED INTERFACE ELEMENT

A sample 4-node interface element attached to the nodes of two adjacent two-node beam finite elements and the cor-
responding degrees of freedom in each node are shown in Figure 1. Although in this figure, a small gap is depicted
between the layers, in the present work it will be assumed that the interface between components has zero thickness,
which is a common approach.16 Moreover, it can be easily shown15 that for this type of interface elements, the relative
displacements at the interface, and therefore the stresses transmitted between the components, are independent of the
thickness of the interface. In this work, we will denote as BINT4 the interface element that can be used in conjunction
with two-node beam finite elements, where “B” stands for “beam,” “INT” for “interface” and “4” is the element’s number
of nodes. This follows the notation INT4 that is commonly used for 4-node interface elements that are used with 2D-solid
finite elements.

The vector of relative displacements at the actual interface can be written as

𝜹 =

{
𝛿I

𝛿II

}
=
⎧⎪⎨⎪⎩

vb − va

ub − ua +
ha

2
𝜃a +

hb

2
𝜃b

⎫⎪⎬⎪⎭
, (1)
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1776 RANJBAR et al.

F I G U R E 1 BINT4 interface element attached to nodes of two-node beam finite elements

F I G U R E 2 Bi-linear traction-separation law in (A) mode I and (B) mode II

where the components 𝛿I and 𝛿II correspond to modes I and II, respectively. The horizontal and vertical displacements of
the layers’ reference axes, and their cross-sectional rotations are denoted as ui, vi, and 𝜃i (i = a, b), respectively. Here it is
assumed that the reference axis of each layer corresponds to its centroidal line located at layer’s middle height.

2.1 Formulation of the residual vector

The internal virtual work of the interface element is defined as

Vint = w∫Le

𝜹 ⋅ 𝝈dx, (2)

where w is the width of the interface, 𝜹 is the vector of virtual relative displacements at the interface, and 𝝈 is the vector of
stresses (tractions) at the interface. Note that both 𝜹 and 𝝈 have two components, one for each delamination mode. The
relationship between the stresses and the relative displacements at the interface is defined by a bilinear TSL, as depicted
in Figure 2.

In mode I no softening (damage) can occur in compression, while in mode II the behavior is independent of the direc-
tion (or the sign) of the relative displacement. The principal parameters of the bilinear TSL are the maximum traction
(stress) at the interface 𝜎max .i and the corresponding relative displacement 𝛿0.i, as well as the relative displacement corre-
sponding to the complete failure 𝛿c.i, where i = I,II refers to the mode of delamination. The area under the TSL represents
the work of separation and it is denoted by Ωi. As explained in more detail in Reference 37, the work of separation of a
CZM is equal to the critical value of the J integral and, only in case of steady-state crack propagation, it is also equal to
the LEFM critical energy release rate (Gc).

Note that the CZM for mode II (Figure 2B) does not account for friction on the crack surfaces, which is typical for
end-notch flexure (ENF) tests. Although several authors proposed CZMs that could take into account this effect,38-40 in
the present work such an approach is avoided for the sake of simplicity and clarity because the focus is on the comparison
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RANJBAR et al. 1777

of different interpolation functions for TB finite elements. Such a simplified, but yet commonly used approach proved to
be sufficiently accurate for the examples analysed in the present work.

To model the irreversibility of damage, a damage-history variable 𝛽 is introduced in the model as

𝛽(𝜏) = max
0≤𝜏′≤𝜏 𝛽(𝜏

′), (3)

where 𝜏 represents pseudo-time and 𝛽 is defined as16

𝛽 =
√(⟨𝛿I⟩

𝛿0.I

)2
+
(|𝛿II|

𝛿0.II

)2
− 1. (4)

Note that in ⟨𝛿I⟩ Macaulay brackets are used so that in case of compression (𝛿I < 0) this term is equal to zero and
no damage is produced in mode I. In the initial (undeformed) stage, where 𝛿I = 𝛿II = 0, we have 𝛽 = −1. Equation (4)
introduces a proper coupling of modes in the model, where both modes contribute to the value of the common damage
parameter 𝛽. Taking into account the damage history, the tractions at the interface can be written as

𝝈 =

{
S𝜹, for 𝛽 ≤ 0,
(I2 −D)S𝜹, for 𝛽 > 0,

(5)

where for ki = 𝜎max .i∕𝛿0.i (i = I,II)

S =

[
kI 0
0 kII

]
, (6)

I2 is the 2 × 2 identity matrix,

D = d

[⟨sgn(𝛿I)⟩ 0
0 1

]
, d = min

{
1, 1

1 − 𝛼

𝛽

1 + 𝛽

}
(7)

and

𝛼 = 𝛿0.I

𝛿c.I
= 𝛿0.II

𝛿c.II
. (8)

The first case in Equation (5) (𝛽 ≤ 0) corresponds to the undamaged (linear-elastic) state and the second case (𝛽 > 0) to
the damaged state, where the initial stiffness of the interface S is reduced by the nonzero damage matrix D. Obviously,
total damage of the interface will occur when D = I2 and from Equation (7) it can be noted that the coupled damage
parameter 𝛽 is indeed used for both modes. To keep the same level of damage in both modes in Equation (7), parameter
𝛼 is introduced in Equation (8), where 𝛼 ∈ ⟨0, 1⟩. This is important because in a case where 𝛿0.I∕𝛿c.I ≠ 𝛿0.II∕𝛿c.II, there
would be two different values of d for each mode in Equation (7), which would allow to reach complete debonding of
one point of the interface at two different times for modes I and II. In other words, it would be possible to reach complete
debonding only in one mode, while transmitting interface tractions in the other mode, which is physically inconsistent
(for more details about this issue, see Reference 16).

Note that for limit cases with 𝛿I = 𝛿0.I and 𝛿II = 0 (pure mode I) or 𝛿I = 0 and 𝛿II = 𝛿0.II (pure mode II) according to
Equation (4) 𝛽 = 0, which in Equation (7) will result in no damage at the interface (D = O). However, if the two limit
cases are combined in a way that 𝛿I = 𝛿0.I and 𝛿II = 𝛿0.II, according to Equation (4) 𝛽 =

√
2 − 1 and from Equation (7)

d > 0 and at least one member of matrix D is greater than zero. This means that, although in individual modes there is
no softening (damage), their combination in a coupled damage law results in damage that affects interface tractions in
both modes, as it can be seen in Equation (5). It follows that damage at the interface can occur also for cases with 𝛿I < 𝛿0.I
and 𝛿II < 𝛿0.II.

Note also that ⟨sgn(𝛿I)⟩ is used in D to assure that the compressive stiffness of the interface in mode I (defined by kI) is
not reduced in case when damage occurs only in mode II. This feature is extremely important for standard mode-II tests
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1778 RANJBAR et al.

such as ENF7 or end-loaded split (ELS),41 where pure mode-II conditions are obtained by creating compression at the
interface. Therefore, from Equation (7) it clearly follows that, except in compression, the damage is mode independent.

Following Equation (1), the vector of virtual relative displacements can be written as

𝜹 = B p, (9)

where

B =

[
0 −1 0 0 1 0
−1 0 ha

2
1 0 hb

2

]
(10)

and

p = ⟨ua va 𝜃a ub vb 𝜃b ⟩T
. (11)

The unknown functions contained in vector p are interpolated as

p = P pN , (12)

where P is the matrix of interpolation functions and pN is the vector of nodal degrees of freedom. Because two-node beam
finite elements are used in conjunction with BINT4 interface elements, we have

P =

[
𝚿1 𝚿2 03 03

03 03 𝚿2 𝚿1

]
, (13)

where 𝚿i (i = 1, 2) are 3 × 3 matrices containing interpolation functions and 03 is the 3 × 3 zero matrix. As mentioned
earlier, interpolation functions used in the interface elements are inherited from the adjacent beam finite elements. In
this article, we specifically address the second-order linked interpolation for TB242 of length Le which reads

u = 𝜓1u1 + 𝜓2u2, (14)

v = 𝜓1v1 + 𝜓2v2 +
Le

2
𝜓1𝜓2(𝜃1 − 𝜃2), (15)

𝜃 = 𝜓1𝜃1 + 𝜓2𝜃2, (16)

where for the nodal values of displacements and cross-sectional rotations indices 1 and 2 refer to the left- and right-hand
node of the beam element, respectively, while the interpolation functions are defined as

𝜓1 = 𝜓1(x) = 1 − x
Le

and 𝜓2 = 𝜓2(x) =
x
Le

. (17)

It can be noticed that the only part that distinguishes such an interpolation from the standard linear Lagrange
interpolation, is the quadratic term Le𝜓1𝜓2(𝜃1 − 𝜃2)∕2 in Equation (15). It is therefore convenient to decompose the
interpolation-function matrices𝚿i of the interface element from Equation (13) into linear and quadratic part as

𝚿i = 𝚿i.L +𝚿i.Q, i = 1, 2, (18)

where the linear part,𝚿i.L = 𝜓iI3, is the product of the first-order Lagrange interpolation functions given in Equation (17)
and the 3 × 3 identity matrix I3, while the quadratic part,𝚿i.Q, reads

𝚿i.Q = (−1)(i−1)

⎡⎢⎢⎢⎢⎣

0 0 0

0 0 Le

2
𝜓1𝜓2

0 0 0

⎤⎥⎥⎥⎥⎦
. (19)

Note that by setting𝚿i.Q = 03, the formulation (18) reduces to the standard linear Lagrange interpolation.
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RANJBAR et al. 1779

According to Figure 1, nodal degrees of freedom can be collected as

pN = ⟨u1 v1 𝜃1 u2 v2 𝜃2 u3 v3 𝜃3 u4 v4 𝜃4 ⟩T
, (20)

while pN is obtained analogously using virtual nodal displacement and rotations. Substituting (12) in (9) yields

𝜹 = B P pN = Y pN , (21)

where

Y =

⎡⎢⎢⎢⎢⎣
0 −𝜓1 −Le

2
𝜓1𝜓2 0 −𝜓2

Le

2
𝜓1𝜓2 0 𝜓2 −Le

2
𝜓1𝜓2 0 𝜓1

Le

2
𝜓1𝜓2

−𝜓1 0 ha

2
𝜓1 −𝜓2 0 hb

2
𝜓2 𝜓2 0 ha

2
𝜓2 𝜓1 0 hb

2
𝜓1

⎤⎥⎥⎥⎥⎦
, (22)

which for the standard linear Lagrange interpolation, after canceling the second-order terms, becomes

Y =

⎡⎢⎢⎢⎢⎣
0 −𝜓1 0 0 −𝜓2 0 0 𝜓2 0 0 𝜓1 0

−𝜓1 0 ha

2
𝜓1 −𝜓2 0 hb

2
𝜓2 𝜓2 0 ha

2
𝜓2 𝜓1 0 hb

2
𝜓1

⎤⎥⎥⎥⎥⎦
. (23)

It is worth noting that using the quadratic linked interpolation in the BINT4 element makes difference with respect
to using the linear interpolation only for the opening mode, while for the shearing mode (see how 𝛿II is defined in
Equation (1)), they are identical.

Finally, Equation (2) becomes

Vint = pT
N w∫Le

YT
𝝈 dx, (24)

from where it follows that the vector of internal forces of the interface is

qint = w∫Le

YT
𝝈 dx. (25)

In TB theory, the cross-sectional rotation is the difference between the slope of the reference axis (the first derivative
of the transversal displacement) and the shear strain, that is

𝜃 = v′ − 𝛾. (26)

By substituting interpolation functions (14)–(17) in Equation (26), we can show that the shear strains have a constant
value

𝛾 = v2 − v1

Le
− 𝜃1 + 𝜃2

2
(27)

along an element. Obviously, at the nodes shared by adjacent elements, the shear strains (and shear forces) will be in
general discontinuous. Because cross-sectional rotations 𝜃 are continuous at the nodes, from Equation (26) it follows
that the slope of the beam’s reference axis (v′) will be also discontinuous at the nodes. We will refer to this feature when
analyzing the results of simulations in Section 3.2. Discontinuity of v′ and 𝛾 is also present in linear two-node TB elements,
where, in contrast to the quadratic linked interpolation employed, v′ is constant, while 𝛾 has a linear distribution along
an element.
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1780 RANJBAR et al.

2.2 Formulation of the stiffness matrix

The stiffness matrix of the interface element is obtained by linearising its vector of internal forces with respect to the
nodal values of the unknown functions. Thus, in Equation (25) only 𝝈 needs to be linearized using

Δ𝝈 =

{
SΔ𝜹, for 𝛽 ≤ 0,
−ΔDS𝜹 + (I2 −D)SΔ𝜹, for 𝛽 > 0.

(28)

According to Equation (21), it follows that

Δ𝜹 = YΔpN , (29)

where ΔpN is obtained from (20). Because 𝛽 is a function of the current (at pseudo-time 𝜏) nodal values of the unknown
functions only if the damage is progressing, that is, when 𝛽(𝜏) = 𝛽(𝜏), ΔD can be written as

ΔD =
⎧⎪⎨⎪⎩

0, for 𝛽(𝜏) < 𝛽(𝜏),

Δd

[⟨sgn(𝛿I)⟩ 0
0 1

]
, for 𝛽(𝜏) = 𝛽(𝜏).

(30)

It can be easily shown that

Δd =
⎧⎪⎨⎪⎩

1
1 − 𝛼

1
(1 + 𝛽)3

𝜼
TΔ𝜹, for d < 1,

0, for d = 1,
(31)

where 𝛼 is defined in (8) and

𝜼
T =

[(⟨𝛿I⟩
𝛿0.I

)2 1
𝛿I

(|𝛿II|
𝛿0.II

)2 1
𝛿II

]
. (32)

Equation (28) can be now rewritten as Δ𝝈 = UΔ𝜹, where

U =
⎧⎪⎨⎪⎩

S, for 𝛽(𝜏) ≤ 0,
(I2 −D)S, for 𝛽(𝜏) < 𝛽(𝜏),
(I2 −D)S − J S 𝜹 𝜼T

, for 𝛽(𝜏) = 𝛽(𝜏),

(33)

with

J = j

[⟨sgn(𝛿I)⟩ 0
0 1

]
, j = 1

1 − 𝛼

sgn(1 − d)

(1 + 𝛽)3
, i = I,II. (34)

Matrix U in Equation (33) represents the stiffness of the interface with three possible cases, which is also indicated
in Figure 2A. The first case (𝛽(𝜏) ≤ 0) corresponds to the undamaged (linear-elastic) behavior, the second case (𝛽(𝜏) <
𝛽(𝜏) > 0) is the secant stiffness that is used in case of unloading, while the third case (𝛽(𝜏) = 𝛽(𝜏) > 0) gives the tangent
stiffness in the case of progressing damage. Note that the first two cases give positive stiffness, while the third gives a
negative stiffness (softening). When the interface is completely damaged (di = 0, i = I, II), the stiffness in both the second
and the third case is zero.

Finally, linearized equation (25) can be written as

Δqint = w∫Le

YTUYΔpNdx, (35)
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RANJBAR et al. 1781

from where the stiffness matrix follows as

K = w∫Le

YTUYdx. (36)

It is worth noting that the vector of internal forces and the stiffness matrix given in Equations (25) and (36), respec-
tively, can be considered as general expressions in which 𝝈 and U change depending on the type of the CZM, while the
change of interpolation functions only affects the matrix Y.

For numerical integration of the residual vector and stiffness matrix, the Newton–Cotes method proposed in Reference
16 is used with three and five integration points for the linear and quadratic elements, respectively, which in both cases
is sufficient to correctly evaluate the integral appearing in the stiffness matrix (Equation 36) once all integration points
within a single element have the same stiffness value (either positive or negative). Improved stress integration schemes
(e.g., adaptive integration18 or subdomain integration43) can be used for an accurate integration in elements where the
stiffness changes. For example, when the bilinear CZM is used in pure mode I, there are two such partially damaged
elements, one containing the relative displacement 𝛿0.I and the other 𝛿c.I. Integration of such elements can be associated
with high error if not very small elements or higher-order integration is used. Nevertheless, in this work the performance
of different integration schemes has not been analyzed to facilitate the comparison of the proposed model with that using
linear interpolation functions.

2.3 Solution procedure

The global vector of residual forces is computed as gG = qint.G − qext.G, where the contribution of the interface (25) to
the vector of internal forces qint.G is simply added to the nodes shared between the beam and the interface elements. In
a similar fashion, contribution (36) is added to the global stiffness matrix of the system KG. Finally, the global system
ΔpG = −K−1

G gG is solved iteratively to obtain the updated nodal values of displacements and rotations. It is worth noting
that in the first iteration of each increment, the tangent predictor procedure is adopted in line with the strategy proposed
in Reference 16, that is, in the first iteration in each increment, only further delamination is allowed and no unloading
can occur.

3 NUMERICAL EXAMPLES

All simulations have been performed in FEAP44 using the displacement control. A cutting algorithm is implemented so
that if convergence cannot be achieved after 20 iterations, the increment is repeated with half a size. The procedure is
repeated until the increment size is small enough to converge, but if more than 10 cuts are necessary, the computation
is aborted without reaching the desired value of the displacement. If after cutting an increment size, the convergence is
achieved in 5 or less iterations, the original increment size is restored in the next increment. On the other hand, if 6 to
20 iterations are needed to converge after cutting the increment, the reduced converging increment size is kept until the
required number of iterations to converge is 5 or less.

The advantages of using beam elements instead of solid elements in delamination simulations relate to a noticeable
reduction in the overall degrees of freedom of the problem, and are discussed in detail in References 20 and 24. In this
study, we further investigate the computational efficiency and accuracy of the quadratic linked interpolation compared
to the standard linear Lagrange interpolation used in TB2 combined with BINT4 elements. For simplicity, we henceforth
refer to the former model as (TB2+BINT4)Q and to the latter as (TB2+BINT4)L where “Q” and “L” stand for “quadratic”
and “linear” (interpolation), respectively.

The numerical tests are set up in a way to provide an instructive assessment of the quadratic linked interpolation
against the standard linear interpolation. To this end, the tests are divided in two groups, depending on the shear stiffness
of the beam layers.

3.1 Isotropic layers

In nonauxetic isotropic materials such as metals the shear modulus always takes the value between E∕3 and E∕2 and
here we select from the literature five delamination tests with metal layers. For each test, material properties of the layers
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1782 RANJBAR et al.

and the interface are given in Table 1. In each test, the element size required to obtain an accurate and smooth solution is
identified and compared between (TB2+BINT4)L and (TB2+BINT4)Q. Solution time, as well as the number of iterations
and increment cuts are also compared to evaluate the numerical efficiency of the two possible types of the beam-interface
coupling.

3.1.1 Mode-I delamination examples

Two standard DCB tests6,49 and a tapered double cantilever beam (TDCB) test are used for the mode-I analysis. The test
configurations (Figure 3) consists of two equal plates (layers) mutually connected by means of an adhesive layer which

T A B L E 1 Material properties of the specimens used in the selected delamination tests

Layers Interface

Delamination test E (GPa) G (GPa) 𝛀 (N/mm) 𝝈max (MPa) 𝜹0 (𝛍m)

DCB45 65.7 25.3 2.7 14 3.85

DCB46 114 42.85 2.846 36 13.09

TDCB46 72.4 27.21 2.846 36 13.09

ENF47a 150 60 1.45 80 0.008

MMB48a 71 26.7 1.65 52.5 6.65

aSame interface parameters are used in modes I and II.

F I G U R E 3 Configuration of mode-I tests with the corresponding geometrical properties for (A) DCB from Reference 45, (B) DCB from
Reference 46, and (C) TDCB from Reference 46
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RANJBAR et al. 1783

are pulled apart by two transversal forces of opposite direction at the free end. In the deformed state, the layers will bend
symmetrically with respect to the longitudinal axis passing through the middle of the interface. The two points (nodes) at
the same co-ordinate x, but at different edges of the interface (e.g., nodes 1 and 4, or 2 and 3 in Figure 1), will have the same
horizontal displacements (u1 = u4 and u2 = u3) and the same, but opposite vertical displacements (v1 = −v4 and v2 = −v3)
in the deformed state. Thus, no relative displacement in mode II exists at the interface and, as a consequence, pure
mode-I opening is obtained. This result is also obtained from Equation (1) because there is no horizontal displacement
(ua = ub = 0) and, due to symmetry, we have 𝜃a = −𝜃b and ha = hb.

Because the mode-I tests are symmetric, it is convenient to model only one half of the problem. If we assume that only
the upper arm of the structure is modeled, the top nodes of an interface element (nodes 4 and 3 according to Figure 1) will
be attached to the arm, while the bottom nodes (nodes 1 and 2 according to Figure 1) should lay on the symmetry axis.
However, prescribing boundary conditions at the symmetry axis that would reproduce the correct structural behavior of
the full specimen (with two arms) is not straightforward. Because the nodes on the bottom edge of the layer will move
not only vertically, but also horizontally, the nodes at the symmetry axis should have the same horizontal displacements,
that is, no relative displacement in mode II should exist at the interface. Because this is not necessarily achieved even if
the nodes at the symmetry axis are free to move horizontally, a correction in the constitutive law of the interface element
is alternatively implemented by setting the stiffness in mode II equal to zero, that is, setting kII = 0 in Equation (6). It
has been confirmed by our preliminary simulations that employing such a condition in the single-arm model, where the
nodes at the symmetry axis are pinned (or clamped in the beam model), produces results that perfectly correspond to
those of the full model with two arms. Moreover, the robustness of the single-arm model is greater than that of the full
model. In needs to be emphasized that the right-hand end of the beam is modeled as clamped, which does not correspond
to the actual test configuration,6,49 but does not affect the results up to the very end of the test and is also in accordance
with the examples presented in References 16 and 24.

Note that in the symmetric model, the values of the parameters in Table 1 must be adjusted. In particular, 𝛿0.I and 𝛿c.I
are to be divided by two, while keeping the same 𝜎max .I, which then results in half the value of ΩI and twice the value of
kI with respect to the full model.

In the first example,45 it can be shown that if DCB problems are solved assuming negligible shear (i.e., using EB beam
theory), as is the case in Reference 20, the peak force is overestimated and therefore employing TB elements is necessary
for an accurate solution of the problem (see Figure 4). It can be noticed that the EB model overestimates the stiffness and
the bearing capacity of the DCB before failure, which, from an engineering point of view, is not desirable. The analytical
solutions proposed in Reference 29 are used for the EB and TB models which is equivalent to using a finite-element
model (TB2+BINT4)Q or (TB2+BINT4)L with a sufficiently fine mesh, and are compared with those of the 2D-solid finite
element results from Reference 50. Figure 4 clearly shows that the TB model is an efficient and accurate alternative to the
2D solid model which cannot be said for the EB model.

F I G U R E 4 Comparison of the solutions based on Euler–Bernoulli and Timoshenko beam theory with those obtained using a 2D-solid
model for the DCB test from Reference 45
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1784 RANJBAR et al.

T A B L E 2 Comparison of solution summaries for (TB2+BINT4)L and (TB2+BINT4)Q models in mode-I tests

Test type FE model
Element
size (mm)

Iteration
numbers

Computational
time (s)

DCB45 (TB2+BINT4)L 10 219 0.09

(TB2+BINT4)Q 10 239 0.1

DCB46 (TB2+BINT4)L 4 246 0.14

(TB2+BINT4)Q 4 281 0.13

TDCB46 (TB2+BINT4)L 5 404 0.2

(TB2+BINT4)Q 5 323 0.17

The summary of the solutions to mode-I tests is given in Table 2 which all are completed with no increment cuts. It
can be seen that for a given element size, the computational cost is almost the same for both element types. However,
based on the simulation results shown in Figures 5–7, it is clear that when using (TB2+BINT4)Q, an accurate and smooth
solution, in contrast that obtained when using (TB2+BINT4)L, is always achieved. This implies that to obtain a com-
parable accuracy of the solution, with (TB2+BINT4)Q we may utilize coarser meshes, which saves computational time
with respect to (TB2+BINT4)L. The size of the cohesive elements in our DCB examples (Figures 5B and 6B) is approxi-
mately 1∕3 of the length of the cohesive zone, which is approximately 32 and 13.5 mm (calculated as in Reference 29),
respectively. Typically, the size of the cohesive elements should be less than cca one-fifth to one-third of the cohesive-zone
size43 in order to obtain an accurate result. This comparison additionally confirms the high accuracy and efficiency of the
proposed model.

3.1.2 Mode-II delamination example

The ENF test is the standard test7 for delamination in pure mode II. It is essentially a three-point bending test of an
adhesively bonded two-layer beam with an initial notch at the left-hand side, as shown in Figure 8. Here the ENF test is
used to compare the aforementioned (TB2+BINT4)Q and (TB2+BINT4)L models in mode II. Due to compression at the
interface, no delamination in mode I can occur. On the other hand, due to shear tractions generated at the interface as
the specimen bends, the crack will propagate toward the center of the specimen. Unlike the previous example, the ENF
test is not symmetric and full specimen has been modeled with the boundary conditions given in Figure 8A. The input
data for this test are given in Figure 8A and in Table 1.

A special type of BINT4 element is used at the initial notch in both models from F, such that no tractions, expect for
the compression in mode I, can be transmitted between the layers. For such an element, it is sufficient to redefine U from
Equation (33) as

U =
⎡⎢⎢⎣
⟨−𝛿I⟩|𝛿I| kI 0

0 0

⎤⎥⎥⎦ , (37)

with its U11 component nonzero only if 𝛿I < 0. Using definition (37), 𝝈 is expressed as 𝝈 = U 𝜹 throughout the analysis,
while the vector of residual forces and the stiffness matrix of the notch interface element then follow from Equations (25)
and (36).

The results of simulations with an element size of 0.3125 mm are shown in Figure 9, where it can be noticed that the
results of the models (TB2+BINT4)Q and (TB2+BINT4)L overlap. In addition, 523 iterations, and 18 increment cuts take
place in both models. This is because, as it can be seen in Equation (1), only delamination in mode I is affected by the
quadratic term used for the interpolation of the transversal displacements in (TB2+BINT4)Q model. It can be therefore
concluded that, in contrast to pure mode I, in pure mode II (TB2+BINT4)Q is equivalent to (TB2+BINT4)L. In addition,
the result of a 3D FEM47 is added in Figure 9 for the sake of comparison.
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RANJBAR et al. 1785

F I G U R E 5 Comparison of the performance of (TB2+BINT4)L and (TB2+BINT4)Q models in the DCB test from Reference 45 for (A)
Le = 20 mm and (B) Le = 10 mm

3.1.3 Mixed-mode delamination example

The standard mixed-mode bending (MMB) test8 is employed to assess the performance of the (TB2+BINT4)Q against
(TB2+BINT4)L in mixed-mode conditions. This test is essentially an extension of the ENF test, where, in addition to the
downward force at the midspan, an upward force that opens the interface in mode I is added at the left-hand side of the
upper layer (see Figure 8B). In this way, a combination of delaminations in modes I and II is obtained, and the relative
contribution of each of the modes can be changed by adjusting the length of the rigid lever c in Figure 8B.

The simulation results and solution summary are given in Figure 10 and Table 3, respectively. It can be seen that, as
in the mode-I tests, in the mixed-mode test (TB2+BINT4)Q provides much faster convergence than (TB2+BINT4)L for
the same mesh, which can save a significant amount of computational time (see the last column in Table 3).

From all the presented results for problems with metal layers, it can be concluded that (TB2+BINT4)Q model can
provide more accurate solutions and improve the convergence for the same mesh size in mode-I and mixed-mode delam-
ination tests compared to (TB2+BINT4)L. On the other hand, such a modification of interpolation functions does not
affect the results in pure mode-II (ENF) test. This is an expected result, since adding the quadratic term in the interpola-
tion of vertical displacements of the 2-node TB element only alters the interpolation function for the normal separation,
while the interpolation function for tangential separation remains unaltered (see Equations 18 and 19).

 10970207, 2023, 8, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/nm

e.7187 by U
niversity O

f R
ijeka, W

iley O
nline L

ibrary on [13/03/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



1786 RANJBAR et al.

F I G U R E 6 Comparison of the performance of (TB2+BINT4)L and (TB2+BINT4)Q models in the DCB test from Reference 46 for (A)
Le = 8 mm and (B) Le = 4 mm

3.2 Orthotropic layers with stiff interface

In all examples from the previous section, metal layers have been used. However, delamination often occurs in lami-
nated composites (such as carbon-fiber reinforced polymers—CFRP16,24), where two important differences take place.
First, the bulk material is orthotropic with shear modulus relatively low compared to Young’s modulus. In such a case,
shear and Young’s moduli cannot be related via E∕3 < G < E∕2 as before. Ignoring shear deformability in such cases
(by using EB beam theory) could thus introduce non-negligible errors in the analysis. Secondly, the adhesives used in
composites often have a very high stiffness in the linear-elastic range,16,19,26 which is defined by parameters kI and kII in
Equation (6). This means that at the interface, relatively high tractions can be transmitted between the layers, while the
relative displacement (opening) is extremely small. In addition, they can be very brittle, which means that they have a
relatively low 𝛿c.

As it will be shown below, in situations where the layers have a relatively low value of the shear modulus and the inter-
face is stiff, shear strains significantly influence the deformed shape of the elements’ reference axes when the quadratic
linked interpolation is employed. In turn, the (TB2+BINT4)Q model actually loses its advantages over (TB2+BINT4)L
and in certain important delamination scenarios behaves quite poorly. To investigate this, the example presented in Ref-
erence 51 is used. Geometrical and material properties of the layers and interface are summarized in Table 4, where
the material properties of the interface are the same in modes I and II. Note that G ≈ E∕26, while ki = 𝜎max.i∕𝛿0.i =
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RANJBAR et al. 1787

F I G U R E 7 Comparison of the performance of (TB2+BINT4)L and (TB2+BINT4)Q models in the TDCB test from Reference 46 for (A)
Le = 10.25 mm and (B) Le = 5 mm

F I G U R E 8 Configuration of the (A) ENF test from Reference 47 and (B) MMB test from Reference 48, with the corresponding
geometrical properties
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1788 RANJBAR et al.

F I G U R E 9 Comparison of the performance of (TB2+BINT4)Q and (TB2+BINT4)L models in the ENF test from Reference 47

F I G U R E 10 Comparison of the performance of (TB2+BINT4)L with (TB2+BINT4)Q models in the MMB test from Reference 48 for
(A) Le = 5 mm and (B) Le = 2 mm
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RANJBAR et al. 1789

T A B L E 3 Comparison of solution summaries for (TB2+BINT4)L and (TB2+BINT4)Q model in the mixed-mode test48 for the
finite-element mesh with Le = 1 mm

Element type Iteration numbers Increment cuts Computational time (s)

(TB2+BINT4)L 642 8 13.02

(TB2+BINT4)Q 400 1 8.56

T A B L E 4 Geometrical and material specification of the composite delamination test

Geometrical specifications (mm) L = 100 h = 1.5 a0 = 30 w = 1 c = 41.5

Material specifications E = 135 GPa G = 5.2 GPa Ω = 4 N/mm 𝜎0 = 57 MPa 𝛿0 = 0.1 μm

5.7 ⋅ 108 N/mm3 (i =I, II), which confirms that in this example the shear modulus is low and the interface is stiff.
DCB, ENF and MMB tests are simulated and the results provided by the models (TB2+BINT4)Q and (TB2+BINT4)L
are compared.

3.2.1 Mode-I delamination

In Figure 11A, the simulation of the DCB test with element size of 0.5 mm is presented. The simulation procedure ter-
minates quickly with a loss of convergence for (TB2+BINT4)Q model, but not for (TB2+BINT4)L. To understand why
this happens, let us look into the stress distribution along the interface for the two models during the final step for which
(TB2+BINT4)Q still converges, shown in Figure 11B. While for (TB2+BINT4)L, a relatively smooth and accurate stress
distribution is obtained, for (TB2+BINT4)Q spurious oscillations of very large amplitudes around the exact solution are
observed.

The reason for such a behavior can be explained by looking at Figure 12 where the normal separation 𝛿I between
reference axes of two adjacent interface elements is shown in the deformed configuration. Note that because 𝛿I = 2vb =
−2va, this plot qualitatively also represents the shape of the deformed reference axis of the upper layer. The parabolic
(quadratic) shape is clearly visible with a first-derivative (slope) discontinuity at the common node (at x = 31.5 mm).
This discontinuity is known to exist in TB finite elements because at the boundaries of each element the continuity is
enforced only for the cross-sectional rotations, which are different from the slope of the reference axis, as discussed at
the end of Section 2.1. In this particular example, the interface is very stiff, which results in relatively small transversal
displacements at the interface. Note that this does not mean that the slope of the reference axis is also very small, because,
as it can be easily demonstrated by taking the derivative with respect to x of Equation (15), v′ depends not only on the
nodal transversal displacements, but also on the nodal cross-sectional rotations.

In addition, because for the orthotropic material in this example the shear modulus is relatively low with respect
to Young’s modulus, the layers are highly shear-deformable, which results in a significant deviation of the right angle
between the plane of the cross section and the reference axis. According to Equation (26), this means that a significant
part of the cross sectional rotation 𝜃 is due to shear strains 𝛾 . Thus, in this example we have very small transversal dis-
placements with relatively high cross-sectional rotations of layers. From Equation (15), it then follows that the quadratic
(parabolic) part of the interpolation (third term) is dominant with respect to the linear part (first two terms). This explains
the shape of the distribution of normal separation in Figure 12.

When this parabolic shape of the reference axis is transferred to the interface, it results in tensile stresses at the edges
of the element and compressive stresses in the middle, as also shown in Figure 12 (secondary vertical axis). It can be seen
that this pattern is repetitive along the interface and, as visible in Figure 11B, it is most pronounced close to the crack tip
(where the shear forces in the layers reach their maximum values) and vanishes as we move away from it. Note that tensile
stresses do not go beyond 𝜎max .I, while in compression the stresses are unlimited (because in the CZM used no damage
can occur in compression) and follow the linear-elastic constitutive law given in Equation (5). In fact, in Figure 12 it can
be noticed that in all integration points that have positive values of separation (except the one at x = 31.375 mm), 𝛿I > 𝛿0.I
(where 𝛿0.I = 10−7 mm), which means that the interface is damaged. However, due to the fact that the softening branch in
this example is much longer than the linear-elastic branch (𝛿c.I = 0.14 mm), this damage is very small and the resulting
stresses are very close to 𝜎max .I.
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1790 RANJBAR et al.

F I G U R E 11 Comparison between (TB2+BINT4)Q and (TB2+BINT4)L in a DCB test with composite layers and a stiff interface: (A)
Load-displacement plot and (B) mode-I stress distribution along the interface

F I G U R E 12 Normal separation and normal traction (on the secondary vertical axis) in integration points of two adjacent BINT4L and
BINT4Q interface elements for the DCB example with orthotropic layers and a stiff interface
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RANJBAR et al. 1791

On the other hand, in Figure 11B no repetitive oscillations of interface tractions can be noticed for the model with
standard linear Timoshenko elements. This is so because in that case the cross-sectional rotations (that are also increased
due to a significant amount of shear strains) do not affect the distribution of transversal displacements within an element.
In turn, this will result in smaller values of the normal separation and normal tractions at the interface compared to the
case with quadratic linked interpolation, which is clearly visible from Figure 12. We can also see that the distribution of
tractions at the interface with linear elements is much smoother and clearly resembles the well-known distribution where
behind the crack tip, a relatively small part of tensile tractions is followed by compressive tractions that asymptotically
approach zero away from the crack tip. However, tractions in linear interface elements can oscillate if the finite-element
mesh is not sufficiently fine. In this example this happened at x = 31 mm, where normal traction is positive, while in two
surrounding integration points compressive tractions are obtained. As it can be seen in Figure 11A, this imprecision still
allows the solution procedure to converge and, although numerically induced oscillations are present on the part where
the crack is propagating, full force-displacement curve is obtained.

It turns out that the quadratic term, which has been shown to be beneficial in mode-I examples presented in
Section 3.1.1 becomes detrimental in the present one. This is because in those examples the stiffness of the interface was
approximately 200 times less and the shear-to-bending-stiffness ratio approximately 10 times higher compared to this
example. A simple parametric analysis shown in Figure 13 confirms that by reducing the stiffness of the interface and
increasing the shear modulus of the DCB arms the performance of the model with quadratic linked interpolation is sig-
nificantly improved. For the sake of simplicity, a linear-elastic constitutive law of the interface is assumed, which means
that the crack is not allowed to propagate. Thus, the aim is not to analyze the convergence during the crack propagation
phase, but to compare the accuracy of the numerical models based on TB elements with either linear or linked quadratic
interpolation with respect to the exact (analytical) solution.

A comparison of the normal separation at the interface (analogous to that presented in Figure 12) is now given in
Figure 13 for different values of the stiffness of the interface and shear modulus of the arms. Case A corresponds to the
parameters given in Table 4, so that kA = 5.7 ⋅ 105 N/mm3 and GA = 5.7 GPa. For Case B, the stiffness of the interface is
reduced 10 times (kB = kA∕10, GB = GA), while for Case C, the shear modulus is increased 10 times (kC = kA, GC = 10GA).

F I G U R E 13 A comparison of the normal separation at the interface obtained by the numerical models based on Timoshenko beam
elements with either linear ((TB2+BINT4)L) or linked quadratic interpolation ((TB2+BINT4)Q) with respect to the analytical solution for
four cases of material parameters k (stiffness of the interface) and G (shear modulus of the arms)
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1792 RANJBAR et al.

Case D is a combination of Cases B and C, that is, kD = kA∕10 and GD = 10GA. Only the first 2 mm of the interface
corresponding to 4 elements of size Le = 0.5 mm are shown in Figure 12. The results are obtained for the applied load
equal to 2 N, which corresponds to the point in Figure 11A where (TB2+BINT4)Q lost convergence.

Except for Case A, results of the model with linked quadratic interpolation (TB2+BINT4)Q are closer to the exact
(analytical) solution, which has been derived in Reference 29. As expected, the agreement of both (TB2+BINT4)L and
(TB2+BINT4)Q with respect to the analytical solution is the best for Case D. For all cases (TB2+BINT4)Q gives a more
accurate crack-tip displacement than (TB2+BINT4)L. It has to be emphasized that by increasing the shear modulus 10
times, shear-to-bending stiffness in this example becomes comparable to those from mode-I examples in Section 3.1.1,
which corresponds to an isotropic material with Poisson’s ratio equal to 1/3. On the other hand, even after reducing it 10
times, the stiffness of the interface in this example is still approximately 20 times higher than those from mode-I examples
in Section 3.1.1.

The main advantage of the formulation with the linked quadratic interpolation can be seen when the length of the
elements is increased, which is shown in Figure 14 for Le = 1 mm and Le = 2 mm. Unlike (TB2+BINT4)L, (TB2+BINT4)Q
maintains a relatively high accuracy even after the number of finite elements is reduced 4 times. This property is the
biggest advantage of the proposed FE formulation because it allows to obtain accurate (smooth) solutions for delamination
problems with relatively coarse meshes, as demonstrated in Section 3.1.1.

It can be concluded that when the contribution of the quadratic term in Equation (15) with respect to the linear terms
is reduced, its effect (a curved reference axis of the beam) is obviously beneficial in the zone of the interface close to the
crack tip. The easiest way to avoid convergence problems in examples with relatively stiff interface and shear-deformable
arms is simply to exclude the quadratic term in Equation (15) and essentially convert the (TB2+BINT4)Q model to
(TB2+BINT4)L. A novel TB finite element that would additionally allow also for continuity of the first derivative of the
vertical displacement (i.e., the slope of the reference axis) would likely eliminate this problem. This will be discussed in
more detail in Section 4 as an idea for the future research.

3.2.2 Mode-II delamination

The peculiar behavior encountered in mode I and discussed above, does not occur in mode II. As explained earlier, the
contribution of the quadratic linked interpolation in pure mode-II delamination vanishes. This can be seen in Figure 15
where perfect agreement both in the load-displacement curve and in the distribution of the tangential tractions at the
interface can be noticed.

3.2.3 Mixed-mode delamination

When modes I and II are combined in the MMB test, the results of (TB2+BINT4)Q model are again very poor (see
Figure 16A). In Figure 16B,C, it can be noticed that in the (TB2+BINT4)Q model both the normal and tangential stresses

F I G U R E 14 A comparison of the normal separation at the interface obtained by the numerical models based on Timoshenko beam
elements with either linear ((TB2+BINT4)L) or linked quadratic interpolation ((TB2+BINT4)Q) with respect to the analytical solution for
length of the element Le = 1 mm and Le = 2 mm

 10970207, 2023, 8, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/nm

e.7187 by U
niversity O

f R
ijeka, W

iley O
nline L

ibrary on [13/03/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



RANJBAR et al. 1793

F I G U R E 15 Comparison between (TB2+BINT4)Q and (TB2+BINT4)L in a ENF test with composite layers and a stiff interface: (A)
Load-displacement plot and (B) mode-II stress distribution along the interface

at the interface oscillate. At first, this might seem strange because we have previously seen that the quadratic linked
interpolation does not affect the pure mode II. However, in mixed-mode delamination, as shown in Equation (4), the
normal and tangential relative displacements are coupled in the damage variable and the spurious oscillations in the nor-
mal direction are consequently transferred to the tangential direction (see Figure 16C). As for the DCB test, removing
the quadratic term in Equation (15) solves the problem by converting (TB2+BINT4)Q to (TB2+BINT4)L. As shown in
Figure 16A, the latter can indeed simulate the whole test.

4 CONCLUSION AND OUTLOOK

In this work, the use of two-node TB finite elements with quadratic linked interpolation for modeling mixed-mode
delamination is studied. In the proposed model, the interpolation function of transversal displacements is composed of
a linear term involving nodal transversal displacements and a quadratic term involving nodal cross-sectional rotations
(see Equation 15). The fields of axial displacements and cross-sectional rotations are interpolated using linear Lagrange
polynomials. The formulation of the so-called beam-linked 4-node interface element that, unlike the standard interface
element used in conjunction with 2D solid finite elements, is compatible with degrees of freedom of beam finite ele-
ments, is also presented. The formulation is general and it can be easily adopted to different shapes of TSLs and different
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1794 RANJBAR et al.

F I G U R E 16 Comparison between (TB2+BINT4)Q and (TB2+BINT4)L in a MMB test with composite layers and a stiff interface: (A)
Load-displacement plot and stress distribution along the interface in (B) mode I and (C) mode II
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RANJBAR et al. 1795

interpolation functions. In fact, interface elements must inherit the interpolation functions from the adjacent beam finite
elements.

A comparison of a FEM with linear interpolation functions, denoted as (TB2-BINT4)L, and an analogous model
with quadratic linked interpolation functions, denoted as (TB2-BINT4)Q, is performed on several mode-I, mode-II and
mixed-mode delamination examples from the literature. It has been demonstrated that the approach with quadratic linked
interpolation for the same mesh gives the converged results that are closer to the reference solutions in mode I. There-
fore, in order to obtain results of satisfactory accuracy, a coarser mesh can be used, which in turn results in reduction of
the computational time.

On the other hand, changing from linear to quadratic linked interpolation has no influence on the behavior in pure
mode II. This is because, as it can be seen from Equation (1), the transversal displacements of adjacent layers (and there-
fore their interpolation functions), have no influence on the relative displacements in mode II. When modes I and II
are coupled, the aforementioned advantages of (TB2-BINT4)Q formulation in mode I are transferred to the mixed-mode
delamination problems.

However, it has been shown that the performance of the model with quadratic linked interpolation is dependent on
the material properties of the layers and interface used in simulations. In particular, (TB2-BINT4)Q performs better for
metal joints than for multi-layered composites with relatively stiff adhesives. For the latter, the layers have relatively low
shear stiffness, while the interface is very stiff. In such conditions, relative displacements at the interface are very small
and the layers’ cross-sectional rotations become relatively large due to high shear strains present in the composite layers
of low shear stiffness. As a consequence, the quadratic term in Equation (15) becomes dominant with respect to the linear
one, which for a mode-I problem leads to a very pronounced C-1 discontinuity of the beam’s axis at the nodes and spurious
oscillations of the interface tractions. Such numerical anomalies become a major problem in obtaining a robust solution
and (TB2-BINT4)Q model loses convergence at a very early stage (before the onset of delamination). While these problems
do not appear in pure mode II (for the same reasons as explained before), in the mixed-mode problems, the spurious
oscillations in mode I are transferred also to mode II through the coupling of the damage variable, which eventually leads
to very poor results.

Such problems can be efficiently avoided by switching to the standard linear interpolation, which is something
that can be easily done in the proposed formulation by canceling the quadratic term in Equation (15). It is possi-
ble to derive a formulation that would switch from (TB2-BINT4)Q to (TB2-BINT4)L when shear-related problems
are encountered. However, the future work of this research group will be devoted to deriving and implementing a
two-node TB element with C-1 continuity in the displacement field. Thus, besides the two components of displace-
ment and a cross-sectional rotation, the first derivative of the transversal displacement (i.e., the slope of the axis of
the beam) should be added as an additional degree of freedom in each node. Although in such an approach addi-
tional degrees of freedom are introduced, it is expected that the computational time will not be increased because the
model will be more accurate and robust, therefore allowing for coarser meshes to be used in order to obtain accurate
results.

The presented finite-element formulation represents a framework for further development of beam-based
finite-element formulations with enhanced interpolation functions, as well as different types and shapes of CZMs suit-
able for dynamic and geometrically nonlinear analysis, where computational speed and robustness become increasingly
important.
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35. Ribarić D, Jelenić G. Higher-order linked interpolation in quadrilateral thick plate finite elements. Finite Elem Anal Des. 2012;51:67-80.
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