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Abstract 

The three-point bending test is used to determine the bending stiffness of materials and is a common task in civil engineering. 
Laboratory experiments provide us with a large amount of data, especially if the test is continued after peak loading. This allows 
us to determine additional material properties beyond those required by the standards. In this case, estimating properties and 
parameters from measurements becomes increasingly important. It is necessary to link the measured data to a mathematical 
model that must make the appropriate connections between the data and the model parameters. The novel numerical model 
contains a parameter that is determined using an inverse analysis, which is described in this paper. The validity of the model is 
confirmed by comparing the measured data and the calculated values. 
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1. Introduction 

In our previous work Kožar et al. (2021a), Kožar et al. (2021b), and Kožar et al. (2022), we developed a beam 
model capable of mimicking laboratory experiments on three-point bending. These models are deterministic, while a 
stochastic model to describe fiber pullout experiments is developed in Kožar et al. (2018) and Kožar et al. (2019) 
and Ibrahimbegovic et al. (2020).  
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Nomenclature 

b crack propagation parameter 
fk  mid-span angle tangent - parameter for post-crack bending 

 mid-span kink angle 
τ pseudo-time index 

 
Some inverse methods for material parameter extraction are presented in Menke(2012). The extension of the 

analysis to fiber-reinforced concrete is presented in Rukavina et al. (2019). The evolution of cracks in brittle and 
quasi-brittle materials and the associated failure is presented in Mlikota et al. (2021), Liović et al. (2021), Vukelić et 
al. (2021), Pastorčić et al. (2019). All calculations are performed in Wolfram Mathematica Wolfram Mathematica 
(2022). 

2. Experimental data 

The original data logs include 17000 to 25000 records that were processed using moving average to reduce the 
number of points and speed up the analysis. Comparison of the original data with the averaged data shows that no 
important data were lost, i.e., all load peaks and inflection points were retained. 

The experimental CMOD ( crack mouth opening displacement ) data for three specimens are shown in Fig. 1 in 
pseudo-time and as the displacement history. Fig. 2 shows the force versus displacement and the force versus 
CMOD. 
 

  

Fig. 1. (a) CMOD inpseudo-time; (b) CMOD vs. vert.displ. 

 

  

Fig. 2. (a) force vs. vert.displ.; (b) force vs. CMOD. 

 
For use in the inverse model, the data from Fig.2 were averaged so that each measured value is represented with 

only one (mean) curve. 
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3. Three -point bending model 

The mathematical model of the beam is represented by Equation 1, which is a second-order differential equation 
with the appropriate boundary conditions. 

 

!!(!)!

!!!
+ !(!)

!"(!)
= 0     𝑤𝑤𝑤𝑤𝑤𝑤ℎ 𝑏𝑏. 𝑐𝑐.     𝑥𝑥 = !

!
 → !"

!"
= 𝑓𝑓!   (1) 

Here 𝐸𝐸𝐸𝐸(𝑥𝑥) = 𝐸𝐸𝐸𝐸! (1 − 𝑏𝑏 𝑥𝑥) and EI0 is the full height of the beam. 
We have assumed a trapezoidal shape of half of the beam and the parameter 'b' describes the reduction of the 

cross section in the middle of the beam. It should be in the interval [0,2], where b=0 stands for an undamaged beam 
and b=2 for a completely damaged beam, where the height of the middle cross-section is reduced to one point. The 
parameter 'fk' represents the angle at the centre of the beam, e.g. it is zero for an undamaged beam. The parameter 'b' 
represents the energy due to bending and the parameter 'fk' represents the energy due to beam rotation. It is 
important to note that the parameter 'fk' is defined only as a boundary condition, so its determination by the inverse 
method is not straightforward and we use an a posteriori correction. 

The closed- form solution of equation 1 does not converge to the simple beam solution when b=0. Consequently, 
we have formed the solution function y(x) as a composite function, one solution for 𝑏𝑏 ≤ 0.0001 and the other for 
all the others. 

4. Inverse procedure 

The numerical procedure is to solve two nonlinear equations with two unknown parameters, 'b' and ‘fk’. We have 
one equation, Eq. 1. The problem is to formulate the second equation. In our previous work in Kožar et al. (2021a), 
Kožar et al. (2021b), and Kožar et al. (2022), we used a system of two equations. Here we use a complete set of 
recorded data (force, displacement, CMOD), so we could work only with Equation 1. The parameter ‘fk’ is 
considered proportional to the recorded CMOD and only 'b' needs to be determined. 

Using Newton's method we solve the equation 

 𝑦𝑦(𝑥𝑥, 𝑏𝑏, 𝑓𝑓! ,𝑃𝑃!) = 𝑑𝑑! → 𝑥𝑥 = !
!
  (2) 

for unknown 'b' and ‘fk’. Here 'Pm' and 'dm' are data measured in the experiment but scaled by a suitable constant 
proportional to the value EI0 from Eq.1. In the end, we obtain a set of solutions shown in Fig.3 

 

  

Fig. 3 (a) parameters 'b' in pseudo-time; (b) reconstruction of ‘fk’ from 'b'. 

In Fig.3 we see the parameters 'b' and ‘fk’ determined from Equation 2. In Fig.3.a) we see the parameter 'b' which 
should be in the interval [0,2] with zeros at the beginning of the bending process. However, there are some values at 
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Fig. 2. (a) force vs. vert.displ.; (b) force vs. CMOD. 
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the beginning of the simulation that are higher than zero due to fluctuations in the experimental data. In Fig.3.b), the 
parameter 'fk' is recalculated from the parameter 'b' in the a posteriori correction. 

In Fig.4 we see a comparison of the experimental and model results. 
 

  

Fig. 4. Comparison of load - displ. curve experiment vs. model (a) detail; (b) total curve. 

In Fig.4 we see excellent agreement between experimental and model data. It is important to include the detail in 
Fig.4.a) as it is affected by parameter 'b' where we see some fluctuations at the beginning of the analysis. This is 
probably due to the initial orientation of the experimental apparatus. Nevertheless, the model mimics the experiment 
very well. 

The results in Fig.4 could represent a load-displacement curve or a load-CMOD curve, depending on the input 
data used in Equation 2, e.g., using CMODm instead of dm. The graphical representation of the beam bending at 
different stages of bending also clearly shows the influence of the parameters: at the beginning, for 'b' close to zero 
the beam is curved while later, when 'b' approaches the value of two, it straightens again. 

As a conclusion, we note that a simple beam model with two parameters is able to mimic the three-point bending 
experiment. In a further step, we need to correlate our parameters with the real material and geometry properties of 
the experimental sample. 
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the beginning of the simulation that are higher than zero due to fluctuations in the experimental data. In Fig.3.b), the 
parameter 'fk' is recalculated from the parameter 'b' in the a posteriori correction. 

In Fig.4 we see a comparison of the experimental and model results. 
 

  

Fig. 4. Comparison of load - displ. curve experiment vs. model (a) detail; (b) total curve. 

In Fig.4 we see excellent agreement between experimental and model data. It is important to include the detail in 
Fig.4.a) as it is affected by parameter 'b' where we see some fluctuations at the beginning of the analysis. This is 
probably due to the initial orientation of the experimental apparatus. Nevertheless, the model mimics the experiment 
very well. 

The results in Fig.4 could represent a load-displacement curve or a load-CMOD curve, depending on the input 
data used in Equation 2, e.g., using CMODm instead of dm. The graphical representation of the beam bending at 
different stages of bending also clearly shows the influence of the parameters: at the beginning, for 'b' close to zero 
the beam is curved while later, when 'b' approaches the value of two, it straightens again. 

As a conclusion, we note that a simple beam model with two parameters is able to mimic the three-point bending 
experiment. In a further step, we need to correlate our parameters with the real material and geometry properties of 
the experimental sample. 
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