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Recent developments in the beam-to-beam contact mechanics have prompted us to investigate further into
the relations between different formulations and contact-force models. Specifically we address in this paper
the recently developed mortar method for beams and develop its variant based on the penalty method. This
allows an in-depth comparison between the two formulations. Furthermore, we design an unbiased approach
and introduce a new discretisation technique developed specifically for this method. The unbiased line-to-line
method is also combined both with the Lagrange-multiplier and the penalty method. All developed elements

have been tested using the same examples to provide an objective comparison between formulations in terms
of robustness and computational cost.

1. Introduction

For a variety of structural elements contact may be efficiently
modelled using the mortar method (Belgacem et al., 1997; Belgacem,
1999; McDevitt and Laursen, 2000; Wohlmuth, 2001; Popp et al., 2009;
Puso, 2004; Hiieber and Wohlmuth, 2005; Popp et al., 2010; Puso and
Solberg, 2020), while for the beam-to-beam contact in general and
even more so for the line-to-line, the penalty method is predominantly
used (Durville, 2004; Chamekh et al., 2009; Durville, 2010; Meier et al.,
2016, 2017). It has been argued that a beam as a semi-rigid body
requires some artificially introduced flexibility of the cross-section to
compensate for its rigidity in the mathematical model (Meier et al.,
2016) causing discontinuities in the contact pressure. From Bosten et al.
(2022) and Tomec and Jeleni¢ (2022) we know, that Lagrange mul-
tipliers provide a reasonable alternative, resulting in fast and reliable
convergence. This has previously been shown also on the point-to-point
contact problems (Litewka, 2005).

The mortar method as implemented in Bosten et al. (2022) and
Tomec and Jeleni¢ (2022) is biased in the sense that the solution
depends on the selection of the sides of the contact. Two-pass variant
as tested in Tomec and Jeleni¢ (2022) circumvents this problem and
provides a robust formulation, but this requires two evaluations of
the contact integral instead of one and is thus not optimal from the
computational point of view. An alternative is to make the formulation
itself unbiased, possibly opening space for better convergence path
and improved robustness. Durville has achieved this in Durville (2010,

2012) by using average geometry, which is then used to define the nor-
mal vector and the gap function. The main drawback of this approach
within the finite element method is that it requires identification of
entire beams and contact zones so that the two sides have a meaningful
average.

In this paper, we first summarise the mortar method as formalised
in Tomec and Jeleni¢ (2022) and present a penalty based collocation
method akin to Gauss-point-to-segment method presented in Meier
et al. (2016) in order to provide additional insight into comparative
performance between the penalty and Lagrange-multiplier based line-
to-line contact formulations. Then we propose a new approach on how
to achieve an unbiased line-to-line formulation based on an unbiased
parametrisation. Furthermore, we also develop its penalty variant to
better illustrate the relation towards the other methods. All formula-
tions result in contact elements, which are then rigorously tested using
a range of numerical examples to elicit their characteristics related
to bias, robustness, precision, convergence speed and computational
burden.

All formulations to be described follow the same line of reasoning.
First, the theory is developed for a continuous case starting with
parametrisation of the contact, then the virtual work is computed and
finally the linearisation is performed. Second, beam discretisation is
introduced to define a contact element. Third, discrete residual vectors
and tangent stiffness matrix contributions are provided.
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2. Beam theory and discretisation

Beam is parametrised by a centreline H Rx[0,L] ¢ R —
SEQ3);(t,s) — H(t,s) to which a family of rigid cross-sections is
attached. Configuration of the beam centreline can be separated into
position x € R? and rotation R € SO(3). Presented contact formulations
require only the knowledge about the position field.

According to the geometrically exact beam theory (Simo, 1985),
beam’s deformation can be measured using the following two strain
vectors

—RT,/ T,/
y=R x —Rx;, (@D)]
#=R'R'-R]R), 2

where * maps a vector from a linear space to an appropriate Lie algebra
(R? - so(3) and R® - se(3)), (-) denotes an arc-length derivative d/ds
and index 0 denotes a quantity in the undeformed configuration. Strains
are related to internal forces via the material law

finl=K{Z}~ 3)

We use a simple, linear-elastic material behaviour defining a diagonal
stiffness matrix

K = diag (EA,GA,,GA,,GJ,, EI|,El), @)

where E and G are material parameters called Young’s and shear
modulus, while the rest are geometric properties of the cross-section:

A area,

A area multiplied by the shear coefficient
for the first principal axis,

A,y . area multiplied by the shear coefficient
for the second principal axis,

J, torsional moment of inertia,

I, second moment of inertia around the first
principal axis,

I, . second moment of inertia around the

second principal axis.

The spatial weak form of the static equilibrium equations from Simo
and Vu-Quoc (1986) can be expressed using variations 6H = §hH. Using
a six-dimensional vector representation, they can be combined into

Ly st Ly
/ <6hT [0 x ] + 5h’T> Sinds — / Sh" fexds =0, )]
0 0o 0 0

where L, is the initial length of the beam and f.,, are the external
distributed forces along the beam.

In Simo and Vu-Quoc (1986), the authors use a separate interpola-
tion of displacement and rotation. The rotation is updated directly in
the integration points via interpolated incremental rotations. Elements
of arbitrary order can be obtained by using the appropriate Lagrange
interpolation polynomials.

Alternative discretisations of a beam are also possible (Bottasso and
Borri, 1998; Crisfield and Jelenié¢, 1999; Ibrahimbegovi¢, 1997; Hante
et al., 2022; Sonneville et al., 2014, 2017; Zupan and Zupan, 2019). The
presented contact formulations require continuously defined centreline
position disqualifying formulations where the position is only known
in the integration points (e.g. Bottasso and Borri, 1998 and Zupan and
Zupan, 2019).

3. Contact between beams

Beam-to-beam contact takes place in two different ways based on
the nature of the contact force. One is a line-to-line contact, where
the force is distributed along the length of the actual contact zone. It
describes well an interaction between parallel beams pressed against or
twisted around each other. The second one is a point-to-point contact
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with the contact zone collapsing to a point. It happens when the beams
touch at an angle. In this paper we discuss the line-to-line contact which
can be viewed as the more general case capable to adequately describe
as its specific case also point-to-point contact, as shown in our previous
work (Tomec and Jelenié, 2022).

3.1. Contact constraints

Contact can be mathematically represented through the well-known
Karush-Kuhn-Tucker (KKT) constraints (Popp et al., 2009). Using the
Lagrange-multiplier field A to represent the negative distributed con-
tact pressure (distributed contact force along the beam) results in the
following constraints:

g>0 (62)
-A20 (6b)
g =0 (60)

where g denotes the gap function. The gap is a geometrical measure
of the distance between two beams (denoted as beam 1 and beam 2),
which we want in a line-to-line method to be a continuous function,
which serves to prevent penetration between the beams. It is defined
as the distance between the two beam centrelines x;(s;) and x,(s,)
reduced by the thicknesses of both beams

g=lpll -, = p2, Q)

where p = x(s,)—x,(s,) and p; is the cross-section radius of beam i. The
geometry of the cross-section assumed in the contact formulation does
not need to correspond exactly to the cross-section used in the beam
theory. To relate the arc-length parameters s; parametrising different
centrelines, a projection map is used. This relation itself is the principal
subject of this paper.

3.2. Contact potential and virtual work

Contribution of the frictionless contact to the total energy of the
system can be defined by the contact potential as shown in Wriggers
and Simo (1985)

Iy = / A(s)g(s)ds, ®
rC
where I, is the contact region and s is an arc-length parameter along
the integration domain.
The virtual work arising from the contact potential is computed by
varying this expression, obtaining

Sy = / 5Ag +6glds 9
T,

where the explicit dependence of the fields 4 and g on s has been omit-
ted for clarity and the variation of the gap 6g is yet to be determined.
The gap function (7) is varied as

6g(s)=6vpTp

= 5PTL
lipll
=[x ] =8 [x9]) n
= <5x1 + dﬁ&sl — 0%y — dﬁ&sz>Tn, (10)
ds; ds,

where n = p/||p|| is the contact normal and éx,, éx, are the variations
of the centreline positions.
We can now express the contact virtual work as

T T
5HN=/F SAg + (6x) — 8xy)" nA+ (x)6s) — x)65,) nAds. an

c
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3.3. Mortar method

The mortar method is a discretisation method for contact between
two, generally non-conforming, meshes. A mortar and a non-mortar
side of the contact are assigned to allow simple parametrisation of the
contact. A contact-force field is constructed using the existing domain
discretisation on the non-mortar side. Here we present a summary of
the method, while for further details the reader is referred to Tomec
and Jeleni¢ (2022).

Parametrisation

In the mortar method, the integration variable s simply corresponds
to s; (s = s;). The contact region I', then reduces to the domain of beam
1, specifically, s € [0, L;]. This leads to the following development in
the virtual work expression (11):

Ly
1Ty = /0 34g + (6%, = 6x,)" A —85,x nads,, (12)

because the parameter s, is fixed its variation és; disappears.

Projection
In the mortar method, the orthogonal projection is used via

p'x,=0, 13)

which implies x’zTn = 0 and thus the virtual work in (12) becomes
L .
Sy =/ 8Ag + (8x, — 6x,)" nids,. a4
0

Note that és, has disappeared from the expression, but it will come
back with the linearisation. It is thus practical to derive it here and to
explain its meaning, which follows from the interdependence between
coordinates s; and s, based on the selected correlation equation — here
the orthogonal projection (13). Because a contact relates two otherwise
independent curves, its complete variation requires differentiation of
both curves. The selected projection fixes the arc-length parameter on
one side making it effectively independent of the other curve. The
dependent side, however, does not experience the same simplification.
Its complete variation thus also consists of differentiation with respect
to the other curve.

Variation of (13)

(6} + x’2’5s2)Tp + (8x) — 6xy — xéész)T x,=0

thus leads to

(5x1—§x2) x +§x p

/T / s

08y =

px

Linearisation
To apply the Newton-Raphson algorithm, we now linearise the
contact virtual work (14):

Ly Ly
A((SHN):/ 544gds, +/ (8%, — 6x,)" nAids,
0 0

Ly Ly
+ / (5x) — 6x,)" Anids, —/ 5%/ nAds, ds,, (16)
0 0

where all of the terms are already known except for 4n. It can be simply
computed as

= (i)

2

= o (4lxiGo0] -
2

= A
“ipn 451

Alxy(s))])

Ax, — x)4sy)
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where * maps to a skew symmetric matrix so that ab = axb fora,b € R3.
Because nTx’2 = 0 and ||n|| = 1, identity ﬁzx’z = —x/, applies allowing
the following development

Ly )-
An = ——— (Ax; — Ax —x! As
i~ || 727
Py 1, X5 (4% = 4x;) + pT AX)
=—m (Axl—sz)—mx2 T T
Xy Xy TP X,
x/ x/T x/ nT
=_ﬁ |:A2 1T /2 : T //:| (Axl _sz) - T /2 T //Ax,2'
Xy X, ~P X, Xy Xy =P X,
a7)
By making use of the following substitutions
/T T
SR B Y L . B= L c=_"
||P|| x/Tx/ _pl xrr x/Tx/ _pl x// erxr _pl xll
(18)
the linearised virtual work (16) can be written as
Ly Ly T
A(&HN):/ 8an" (4x) — Ax,) ds, +/ (6x; —6x,)" nAids,
0 0
L r
- / (6x) — 6xy)" A[A (Ax| — Ax,) + BAx)] ds, (19)
0

L
- /0 lax’sz [BT (4x| — Ax,) + CAx)| ds,.
Discretisation

A beam is discretised by dividing the entire domain into subdomains
corresponding to the space of the arc-length parameter of an individual
finite element. Since the virtual work (5) is defined through integration
along the entire domain, splitting it directly corresponds to summation
across all elements. Each element thus behaves as a continuous beam,
but with its primary variables defined through interpolation of nodal
values. Since this procedure is standard and known as the assembly
of the finite elements, we will simplify the notation by skipping the
reference to a particular element and re-use the notation from the
continuum.

Although many different interpolations are possible, here we limit
our attention only to a separate interpolation of the displacement and
the rotation field. For a reference on how to transform the formula-
tion to use the SE(3) interpolation in combination with the material
frame based residuals we refer the reader to Bosten et al. (2022).
Polynomial-based interpolation of the position field can be found in
many elements (Simo and Vu-Quoc, 1986; Ibrahimbegovi¢, 1997; Cr-
isfield and Jeleni¢, 1999). Let us define it and its variation for some

element on beam i as
x;=NTX,,  6x;=N'6X,, (20)

where N; is a matrix of shape functions

Ny 0 0 Np 0 0 ..Ny o 0 0

T _

N[=l 0N, 0O 0Ny O .. 0 Nyt 0 |
0 0Ny 0 0 Ny.. O 0 Nivtyogee,

2D

where M4, is the number of nodes of an element on beam i and N;;
is a polynomial from Lagrange basis for node j of this element. The size
of the matrix depends on the interpolation order. The vector X; is the
vector of nodal displacements of an element on beam i. Together with
its variation X they are both elements of R*Mnodes.,

The discretisation of beams introduces discontinuities to the contact
integral (12), which present a challenge for the numerical integration.
The mortar method presented in Tomec and Jeleni¢ (2022) addresses
this issue by following the element-based integration (Farah et al.,
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2015), where the contact integral subdomains correspond to the under-
lying non-mortar beam discretisation. To avoid further segmentation,
such discretisation integrates across the discontinuities on the mortar
side, effectively treating the beam as continuous. The same approach
is used here as it has proved to be sufficient for the simple test cases.
A simple Gaussian quadrature rule with fixed integration points is used
for the numerical integration, where the number of points is defined
as 2Modes 1> Mhodes, Deing the number of nodes on the non-mortar
side element. It should be noted, though, that this approach can lead
to significant integration errors in certain cases. Disregarding the dis-
cretisation on the mortar side and integrating over weak discontinuities
with a fixed number of integration points can lead to the kinks on the
mortar side being close to the integration point, producing a relatively
large error in the integral evaluation as noted in Farah et al. (2015)
or even skipping entire mortar elements when the mesh on the mortar
side is much finer than the one on the non-mortar side, leaving those
elements uninvolved in the contact and the contact force unevenly
distributed along the mortar side. These two issues are mainly not
present in our cases as we mostly analyse similar meshes.

The third drawback of the adopted integration concerns the contact
zone boundaries. Integrating over the boundary of the contact causes
oscillations in the contact pressure when integrating over the boundary
of the contact which represents a discontinuity in the Lagrange multi-
pliers. A patch test with deformable bodies can thus not be passed (see
Section 4.4), although the results are still mathematically meaningful.
One way to remedy this is to implement boundary search and integrate
based on the evaluated segments (Farah et al., 2015; Bosten et al.,
2022). In our simple examples the oscillations do not seem to produce
significant instabilities, which is why we decided not to deal with this
issue and leave it for future improvements.

The Lagrange-multiplier field discretisation follows the discretisa-
tion of beam 1. This in principle means that each beam element on
beam 1 has a corresponding contact element with its own interpolation
of the Lagrange-multiplier field

A=DT A, 54=DTsA, (22)

where A € RMnodes is the vector of nodal Lagrange multipliers and

¢Mn0des,A } ’ (23)

where M ,4e, 4 is the number of nodes of the contact element and @;
is a polynomial from Lagrange basis for node j of this element. Two
interpolations are tested in numerical examples; one with a single node
per element which results in a constant interpolation and one with two
nodes per element, resulting in a C° continuous interpolation across the
subdomains. The contact integration domain discretisation follows the
non-mortar side beam discretisation. This ensures that each subdomain
is continuously connected to its neighbours, optimally dividing the
whole domain.

The discrete contact virtual work of an individual contact element
is obtained by inserting the interpolated fields into (14)

o7 = {@1 @,

Ly Ly Ly
1.
s :5AT/O Dgds, +5X1T/0 N nAds, —5X§/0 N,nids,,

(24)

where L, and s, are the length and the coordinate of the corresponding
beam 1 element. The whole domain is evaluated as the sum of all
comprising elements

SMy =Y 61" (25)
(el)
From (24) we can extract the residual vectors for individual contact
element
L, Ly L,
RV :/ dgds;, R :/ Ninids;,  RY" = _/ N,nids,.
0 0 0
(26)
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The linearised contact virtual work for an individual element (19)
similarly becomes

Ly Ly
AGIE)y = 6AT / @n'NT ds, 4X | - 6AT / @n’N! ds, AX,
0 0

Ly
N,n®” ds, AA

Ly
+ (SXIT/ Nn®" ds; AA -5x§/
0 0
Ly
- 5X1T/ ANJANT ds, AX
0
L
+ §X1T/ 4[N;AN] — N,BN/| ds, 4X,
0

Ly
+ 6X] /0 4[N,ANT —N,B"NT] ds, 4X

T Ll
- 56X, /0 4[N,AN] — N,BNJ" - N,B"N] + N,CN]| ds, 4X,

27
from where we can extract the tangent stiffness matrices
K = (ke = b SN d K@ = (ke = b N d
i =\ By =/ Ny dsy, 2 =\ P =7/ n N, dsy,
Ll
K¢ = —/ AN, ANT ds,,
0
1) b
K¢ :/0 AN, [AN] - BN] ds,.
(el) b
el. T TN/T
K{] =/0 AN, [ANT - B"NT"] ds,
Ll
K¢ =- / 4[N, ANT — N,BN" — N,B'N! + N,CN/"| ds.
0
(28)

A contact involves three different sets of the nodal degrees of
freedom: two sets for each beam element and one set for the Lagrange
multipliers. This is reflected in the subscripts of the residual vectors
and stiffness matrices. For example, R(;") refers to the vector of residual
forces at the Lagrange multiplier nodes, while K;el") refers to the tangent
stiffness matrix that is obtained when we linearise the residual vector
of the second beam element with respect to the degrees of freedom of
the first element.

Penalty method

Within the mathematical model, Lagrange multipliers provide the
optimal way to enforce contact constraints. However, in some cases it
is beneficiary to use a less strict enforcement of contact condition using
the penalty method.

The mortar method may be adapted for use with a penalty approach
in which case the contact pressure is defined as

A=¢eg (29)

0  otherwise

g={£0’ ifg<0 30)

where ¢ is the penalty parameter. The contact potential (8) is multi-
plied with 1/2 to simplify later expressions for the residual forces and
thus becomes

Iy = %/r Agds = %/r 5g2ds. 31

c c

Using the discretisation from the previous section, the contact-
element residuals (26) eventually turn into

Ly Ly
R(lel‘) =/ egN;nds, R(zel‘> = —/ egN,nds, (32)
0 0
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' _, —— | 51 €0, L]

Sa : Sp

| s € [5q,50)]

I : : : : 1 s2 €10, Lo]

Fig. 1. Illustration of the integration parameter s in a continuum. Connecting lines
show the projection (35) from parameter space s, to s, and, since the projection is
one-to-one, vice versa. In the middle, the integration parameter s is illustrated as the
average of s, and s,.

while the contact-element tangent stiffness matrices (28) turn into

Ly o
K¢ = —/0 egN;ANT — eN nn”NT ds,,

Ly
K(l;” = / egN, [ANZT - BN;T] - eNlnnTNg dsy,
0
L
K = / egN, [ANT - B"N'"| — eN,nn" N7 ds,,
0

L
(el) _ T T TNT T TNT
K}’ = —/0 eg [N,AN] — N,BNJ — N/B"N] + N,CN;"| — eN,nn"NJ ds,.

(33)

Remark 1. Elimination of the Lagrange-multiplier field transforms the
mortar method using a weak enforcement of the contact conditions to a
collocation method with a strong enforcement of the contact conditions
at the integration points. The algorithm becomes similar to the Gauss-
point-to-segment method developed by Chamekh et al. (2009) and
Meier et al. (2016). This form of penalisation is susceptible to locking at
high values of the penalty parameter leading to oscillations, as shown
in example 4.3.

3.4. Unbiased line-to-line method

Now we present our new formulation developed to provide an
unbiased distributed contact element, which does not discriminate
between the two sides of the contact. This is achieved by coupling the
beam elements prone to contact, where each pair of elements defines
a particular contact element.

Parametrisation and projection

The design goal of the unbiased line-to-line contact formulation is
to obtain reliable and unique results regardless of the choice of curves
1 and 2, which must be reflected also in the discretised form within
the finite element method. For this purpose we propose the following
definition of the parametric variable s (illustrated in Fig. 1)

Ny
§=—
2
with s; € [0,L;] for i = 1,2 (where L; is the undeformed arc-length
of the centreline i), in combination with an appropriate projection
function

(34

T, _ —
pt=0, t=x\+x. (35)

Parameters s; and s, are then computed by solving (34) and (35) using
the Newton-Raphson method as explained in Appendix.

Egs. (34) and (35) are not only symmetric, thus providing the
required indifference of the solution to the curve selection, but also
provide a similar simplified virtual contact work as in the mortar
method (14) as will be shown later in the section. The integration
domain must contain the entire contact zone, i.e. the entire subdomain
where g(s) < 0 must be included. Therefore, the integration boundaries
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must be accurately obtained. They are computed through projections,
summarised in the following algorithm

Box 1: Determining integration boundaries

1. Compute projections at boundaries s,(s; = 0), s;(s, = 0),

s5(s; = L)) and s,(s, = L,)*. Store each projection as a
pair of beam arc-length parameters ¢, = (s, Sox)-
* Although a projection is straightforward to compute using
the algorithm explained in Appendix, the correct solution is a
global minimum which is not always the one that is obtained,
depending on the initial value for the Newton—-Raphson
method.

2. Either none or two of these projections can fall within the
domain s;, € [0, L;] for i = 1,2. Numerical errors might
cause a different number of projections to be within the
domain, too. If there is only one projection within the
domain, another one, that is the closest to it, is added (if
sir € [0, L;1, then choose projection ¢, so that min,(|L;/2—
si1)). Otherwise proceed.

3. If there are no projections within the domain s;, € [0, L;]
for i = 1,2, the possibility of contact between the two
beams is disregarded. Otherwise, the integration domain
is computed considering all valid projections as follows.
The contact domain parameter s is first computed as s, =
(S1x + S21)/2. To handle different beam parametrisations,
5, = (s1x — $2x)/2 is also considered. The distance tensor
is next constructed by computing d,;, = [s;, — 5| and
dy, = |5,—5,| for k and I going through all projections. The
longest integration domain is then selected by finding the
maximum value of the two distance tensors. Furthermore,
if the maximum value is in d);, parametrisation of one
beam must be inverted.

4. Finally, the integration boundaries are chosen to corre-
spond to the selected maximum value of the distance
tensors. Additionally, the resulting integration domain
must be longer then a certain threshold to be considered.
After some testing we have set the threshold to be 0.1(L;+
L,). This eliminates very small elements.

With the integration boundaries determined, we can proceed with
the derivation of the virtual work. Since s is fixed, variation of (34)
reduces to

b5y = —6s, (36)
and the variation of the gap function (10) becomes
dx; dx, T
og(s)= | 6x; —6x, + —06s;+ —3bs| | n
ds, ds,
= (6x; - 6%,)" n. (37)

The virtual contact work follows from (11), however, since the inte-
gration limits s, and s, are variable, the Leibniz integral rule applies
leading to

oIl = g(s,)A(s,)05), — 8(5,)A(s,)d5,

S
+/ 84g + (6x, = 5x,)" nA+6sy (x) +x})" nids (38)
S,

and because of the zero-work constraint (6¢) and the projection (35) it
reduces to

N
Iy = / "ag + (6x1 — 6x,)" nids. (39)
Sa
The variation of projection function (35) reads
(5 [x19)] =8 [x2)]) 1+ (8 [¥ ()] + 6 [x,(»)]) p=0
(6x) — 6x; + x| 651 — x;zﬁsz)T 1+ (6x) +6x) + x| 8s) + x'z'ész)rp =0,
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(b) Discretised contact

Fig. 2. Projection vectors between two beams.

Fig. 3. Example of contact discretisation with unbiased line-to-line elements.

which after substituting (36) yields

T T
6x; —6x,) t+ (6x) + 6x,
6S2 = ( ! 2) ( ! 2) p (40)

Tt + (x’l’ - x;’)Tp

Linearisation

The linearisation is performed as in the mortar method with the
variation of projection function now being different. Linearised virtual
work (39) is

Sp Sp
AGBITy) =/ 5/1Agds+/ (6%, — 6x,)" nAids
.Ya Sa
Sb T Sb T
+ / (6x; —6x,)" AnAds —/ (6x) +6x))" nAds,ds.
SH Sll
(41)
Extra terms due to the Leibniz integration rule for variable integra-
tion boundaries are neglected because the algorithm to determine the
boundaries is non-differentiable (non-smooth switches between projec-
tion s,(s, = 0) and s,(s; = 0) or s,(s, = L,) and s,(s; = L,), see Box
1). The normal vector is linearised in a similar way to (17), eventually
leading to

2
=l (4[xi()] - 4[x2()])
i’ / /
= —m (Axl — Ax, + x| 4s; — szsz)
i’ L
=1l (Ax) — Ax, — (x + x}) 4s,)

and using the ? (x’1 + x;) = —t as in (17) we get

n——ﬁ—2 (Ax — Ax )—LtAs
lpll 7 72 pll

o (4, - 4x,) 1 17 (4x) — Ax,) +p" (4] + 4x))
= - (4x, - Ax,) — —

lipll lipll i+ (x - x/Z,)Tp

1 |2 1"

= | ———————— (4%, - 4

Il " 1+ (x! —x;’)Tp (4x; — Ax,)

T
- (ax] +4¥)) 42)

Tt + (x7 - x’z’)Tp

from where we can similarly to (18) recognise the following three
matrices

1 |. 1!

T " T
T " "
p Te+ (x) -xf) p

)

(43)
tn” np”

- 't + (x’l’ —x’z’)Tp’ - 't + (x’l’ —x’z’)Tp'

We can insert the results directly into (41) to obtain

Sb Sb
A((SHN):/ 54n" (Ax; — Ax,) ds+/ (8%, — 6x,)" nAids
N N

S,
- / ! (5x; —6x,)" A [A (4x, — 4x,) + B (Ax] + Ax})] ds
Sﬂ
S,
—/b(éx’l+5x;)T,1[BT (4x) — Ax,) + C (4x] + 4x})] ds.
SII

(44)
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Discretisation

Beam discretisation is already defined in (20) and (21). Accordingly,
the contact integral (39) must be divided into subdomains to allow
numerical integration. The integral is defined using the integration
parameter s which depends on the arc-length parameters of the beams.
This forces us to use segment-based integration which, on the positive
side, avoids integrating over discontinuities but suffers from increased
computational cost (Farah et al., 2015). Each segment defines a contact
element. The segments are constructed by coupling the beam elements
that are prone to contact and evaluating their individual contact zone
using the algorithm in Box 1.

Unfortunantely, the discretised centrelines are only C° continuous
so the contact segments are not necessarily continuously defined along
the contact, see Figs. 2 and 3. This means that the discretised Lagrange-
multiplier field must be defined individually per element and cannot be
connected with neighbouring elements, resulting in a non-conforming
Lagrange-multiplier field. Compared to the standard mortar method,
this leads to an increased number of Lagrange multipliers’ degrees of
freedom and possible over-constraining, which can be avoided using
the constant Lagrange multipliers’ field interpolation. Since beams are
often interpolated with higher order polynomials, the whole affair
could also be remedied using C continuous interpolation of dis-
placement, e.g. Litewka (2007), as it would result in a continuous
contact zone in the discretised setting. This would result in a framework
where contact elements have a smooth transition between them and
would furthermore allow € continuous discretisation of the Lagrange
multiplier field. However, this is left for future research.

As a result, each unbiased contact element couples a pair of beam el-
ements with independent Lagrange multiplier nodes. This is in contrast
to the mortar method where a contact element couples a single non-
mortar-side beam element to potentially multiple mortar-side beam
elements.

The contact element is, despite different discretisation, almost the
same as in the mortar method. The Lagrange-multiplier field is interpo-
lated as in (22), the nodes however now being specific to each element
and not shared by the neighbouring elements. The resulting residual
vectors and tangent matrices are also similar to (26) and (28). The
discrete virtual work is obtained by inserting (20) and (22) into (39)
and reads

Sp Sp Sp

s = 5AT/ Dgds+ 5X1T/ Njnids — 5x§/ Nynids,  (45)
Sa Sa

which differs from (24) only in the integration variable and domain,

and from where we can recognise the residual vectors

Sp Sh 5b
R;e’-) =/ Dgds, R(le“ =/ N;nids, R(;I‘) = —/ Nynids.
s S S

a a a

(46)

The linearised virtual work (44) similarly becomes

Sp Sh
ABITy = 6A" / &n"NT dsaX| - 5AT / &n"N! dsAX,
Sq a

+6XT /Sb N,n®” dsAA - 6X) /Sh N,n®" dsAA
Sa Sa

- 6X] /5,, 4 [N,ANT + N;BN]" + N/B"NT + N/ CN/"] ds4X,
Sa

+6xT /% A|N;AN] — N;BN] + N'B"N] - N/CN}| ds4X,
Sa

+6X) / " [N,ANT + N,BN[" — N,B'N] — N,CN{T| dsAX
Sa

- 8X; / " [N,AN] — N,BN/" — N/B'NJ + N,CN/| dsAX,,
Sa

(47)
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from where the contact-element tangent stiffness matrices follow as

K¢ = K(E” / on"NTds, K= K“’) / @n"NT ds,
K% = - / A[N,ANT + N;BN" + N'B"N] + N/CN/"] ds,
Sa

S
K¢ = / A[N;ANJ — N;BN} + N'B"N] — N/CN/] ds,

Sa

Sb
K = / 4 [N,ANT + N,BN/" — N;B"N! — NJCN/"| ds
S,

Sb el T T T
K = - / 4 [N,AN] — N,BN;" — N/B"N] + N,CN}] ds.

a

(48)

Penalty method

The penalty method can be introduced very similarly to the mor-
tar method, see (29), (30) and (31). The unbiased contact-element
residuals (46) eventually become

Sb
R = / N,nids,
S,

a

Sp
R{Y = - / N,nids. (49)
SH

and its tangent stiffness matrices (48) become

K¢ = - / " [N;AN” + N,;BN/" + N/B"N! + N/ CN'"] — ¢N,nn"N' ds,
Str
K¢ = /Sh 4 [N;ANT — N, BN + N/B"NJ — N/CN/| — eN,nn" N ds,
Sa
K = / " [N,ANT + N,BN{" — N/B"N{ — N,CN{"] - eN,nn"N{ ds,
Sa
K§ = - / " [N,ANI — N,BNT — NyBTN! 4 NCNY| — eNynn™ N ds.
5:1

(50)
3.5. Active set strategy

Active set strategy is used to determine which nodes participate in
the contact. The unbiased formulation uses the algorithm summarised
in Tomec and Jeleni¢ (2022) for the mortar method. For the activation
of nodes, residual vectors R, from (26) (mortar) and (46) (unbiased)
are used as they conveniently correspond to the weighted gap. The
activation criteria then reads

Y Ry <o, (s1)

(el.) if
(me(el.)

where (n) denotes a particular node. Once the node is activated, the
residual starts to contribute to the global solution and goes to zero as
the iterative procedure converges. For deactivation, the value of the
Lagrange multiplier at a node is checked. If it is positive (representing
an attractive force), the node is deactivated.

The solution algorithm is the same as in Tomec and Jeleni¢ (2022)
and uses an inner loop for finding the static equilibrium with the active
set frozen and the outer contact loop which updates the activation of
nodes and repeats the equilibrium search. A contact step refers to a
single cycle of the contact loop. At the end of the contact step, the nodes
that are deactivated are examined to see if they meet the activation
criterion, while the nodes that are activate are turned off based on the
deactivation criterion. More advanced algorithms such as (Alart and
Curnier, 1991) exist, however, for the sake of clarity of presentation
we leave them for future research.

4. Numerical examples
This section puts the presented formulations to test to assess their

properties and compare them. In all examples geometrically-exact beam
elements developed by Simo and Vu-Quoc (Simo and Vu-Quoc, 1986)
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Fig. 4. Patch test: setup.

Table 1 Table 3

Abbreviations for contact elements. Contact objectivity test: Displacements of the free end of the top beam.
Abbreviation Method M1 U1l
M2 mortar method with two nodes per element, Xiop end Ziop end Xiop end Ziop end
M1 mortar metﬁ°g WTtE a S“‘lgle “°d}f g‘”r element, A 0.02281696 20.00766457 0.02293061 20.0073395
Mp mortar method with penalty method, B 0.02292918 ~0.00736453 0.02293061 ~0.0073395
U1l unb{ased l}ne-to-lfﬂe method a .smgle node per element, B-A 0.00011222 0.00030005 3469 x 10-18 4337 x 10-18
18) unbiased line-to-line method with penalty method.

Table 2 . .

Patch test: Norm of gap evaluated at integration points after sliding. the top beam at its free end to bend it towards the bottom beam. Both
Method M2 M1 U1 beams are made of the same material with parameters EA = 13351,
gap 388 x 10-18 347 % 10-18 278 % 10-16 GA| = 4982, GA, = 4982, GI, = 0.0623, EI, = 0.08345, EI, = 0.08345

are used. Abbreviations for different contact elements are summarised
in Table 1. Both formulations are designed for arbitrary order of
interpolation of Lagrange multiplier field.

4.1. Patch test

A patch test is conducted first to test the unbiased line-to-line
method’s ability to compute the exact gap value and to handle ac-
tivation of nodes due to sliding. A beam consisting of two elements
is positioned above a rigid surface simulated by a three first-order-
element beam with fixed degrees of freedom. The problem geometry
is given in Fig. 4. Both beams have a circular cross-section with radius
p = 0.005 and material properties E = 210x10° and v = 0.3. An external
uniformly distributed loading g = 1 is applied to the top beam along
the entire length of the beam. In the first load step, an equilibrium in
contact is sought, while the next 100 steps consist of pushing the top
beam horizontally along the bottom beam by a step Ax = 0.01. The
tolerance is set to 10712 for the energy norm.

We know from Tomec and Jeleni¢ (2022) and Bosten et al. (2022)
that the mortar method passes the patch test with almost zero gap.
For the unbiased method with a single Lagrange-multiplier node per
element, the results are similar. Using 4 integration points per element,
the norm of all values of gap function evaluated in these points is close
to zero as summarised in Table 2. With these results we can confirm
that the method passes the patch test for zero-order interpolation.
For higher-order interpolations of the Lagrange-multiplier field, the
Newton-Raphson method experiences instabilities during sliding and
consequently diverges. It is a consequence of discontinuous Lagrange
multiplier interpolation which results in poorly conditioned tangent
stiffness matrix. It also hints to shortcomings in the algorithm for de-
termination of the integration boundaries, where the main complexity
lies in handling the variety of possible special cases due to numerical
imprecision. The unbiased line-to-line method therefore best works in
combination with a constant Lagrange-multiplier interpolation.

4.2. Contact objectivity test

The following test has been designed to test objectivity of a line-
to-line contact formulation with respect to beam numbering. Two
horizontal cantilever beams are placed in parallel one above the other
at the distance 2p = 0.006 between. A vertical point force is applied to

and with a circular cross-section with radius p = 0.003. Both beams
are of initial length L = 0.05 and discretised using two first-order
geometrically exact beam elements. Four integration points are used for
each contact element. The load is gradually increased in 7 quasi-static
steps to the final magnitude of 42.

This test is conducted using the mortar and the unbiased line-to-line
formulation twice (runs A and B), with the contact sides toggled in the
two runs. Displacements of the top beam’s free end are given in Table 3.
Comparison of the displacements after changing the sides in the contact
algorithm confirms that the new formulation is free from bias, unlike
the mortar method which shows a certain amount of discrepancies.
Deformation of the entire setup is illustrated in Fig. 5.

4.3. Cantilever test

This test is similar to Example 2 from Tomec and Jeleni¢ (2022)
and Example 4.2 from Bosten et al. (2022) and simulates a beam to
rigid body contact. This example also has an analytical solution derived
by Bosten et al. in Bosten et al. (2023). A cantilever beam is placed
above another beam with all the degrees of freedom fixed, simulating
a rigid body. Both beams have material parameters: EA = 6.28 x 10°,
GA = 0242 x 10%, GJ, = 0.12 and EI = 0.16. Radius of the circular
cross-section is 0.001. The top beam is discretised using 8 quadratic
elements while the bottom beam consists of a single linear element. A
distributed force ¢ = 10 is applied to the top beam in 30 equal load
steps. Geometry of the setup is given in Fig. 6. All contact elements use
4 integration points.

Fig. 7 shows the final deformed state obtained by the unbiased
line-to-line method with a single Lagrange multiplier per element. The
aspect ratio of the figure is such that the deformations are clearly
visible. Figs. 8(a) and 8(b) show the final contact pressure in the
tested formulations. Qualitatively the contact pressure agrees with the
benchmark solution presented in Bosten et al. (2023). Elements sharing
the contact-force model (the same Lagrange-multiplier interpolation
order or the same penalty parameter) produce closely related results.
This is also observed for the convergence rate in Fig. 8(c), which shows
the penalty parameter for which the contact is successfully evaluated.

According to Tomec and Jeleni¢ (2022), higher interpolation orders
in the mortar method provides better fulfilment of the contact condition
with higher oscillations in the contact pressure. It is interesting to
see in Fig. 8(a), that even a single-node interpolation results in some
oscillations. The oscillations in the contact pressure strongly resemble
the spectral leakage phenomenon well known in the signal processing
community which is the result of a mismatch between the actual
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Fig. 5. Final deformed state of the dual-beam system computed using the mortar and the unbiased formulation.

Table 4
Cantilever test: Formulation performance comparison.

M2

M1

MP (g, = 10%) UP (¢, = 10%)

154
2.23
1.00

total number of iterations
mean number of iterations per contact step
relative computation time (reference: M2)

82
2.19
0.52

81
2.70
0.40

81
2.70
0.73

frequency of the signal and the discrete frequencies of the Fourier trans-
form (Carlson and Crilly, 2009). The same reasoning can be applied
here. The discontinuity in the pressure cannot be described exactly so
it spreads to the neighbouring nodes within the contact region (the
contact constraints do not permit the leakage to be distributed on both
sides of the discontinuity). This happens because of the integration
over the boundaries of the contact as the integration zone is not
precisely computed. The penalty method (MP and UP) for lower penalty
parameters on the other hand experiences a smooth transition as the
contact conditions are strongly enforced. This is at the expense of a
larger penetration at the contact boundary. When the penalty param-
eter is increased, similar oscillations appear — see Fig. 9. Again, the
discontinuity cannot be modelled exactly while, at the same time, the
gap function cannot compensate with large enough penetration due to
the increased stiffness, which manifests in the form of the oscillations.

Higher interpolation order means more discontinuities in the system
due to the activation of Lagrange-multiplier degrees of freedom, which
is reflected in a larger number of contact steps even though the con-
vergence in a particular contact step is similar (observe total number
of iterations vs. mean number of iterations per contact step in Table 4).

Table 4 shows the total number of iterations and normalised compu-
tation time for all the formulations, for the same number of integration
points, tolerances, step-sizes and all other input parameters. For this
example, the mortar element with the penalty method is the fastest,
being 23% faster than its Lagrange-multiplier counterpart, while the
unbiased method is consistently slower than the mortar method (83%
difference between MP and UP and 67% M1 and Ul). Since there are
no large deflections in the test, the contact elements are all defined at
the beginning and there is no need for contact search algorithm. The
test, therefore, only measures the performance of the computation of
projections and convergence. Since this test is easy to converge (ap-
proximately 2 iterations per load step), the difference in convergence
rate is not dominant in the total computation time. Using the penalty
method reduces the computational time although it increases the total
number of iterations. This indicates an inferior convergence path. The
total number of iterations strongly depends on the selected penalty
parameter as can be seen in Fig. 8(c).

4.4. Coupled bending

To analyse the contact algorithm stability under finite deformations,
the following test utilises two deformable cantilever beams which are

¢00°0

0.0025

Fig. 6. Cantilever test: setup.
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Fig. 7. Cantilever test: deformed state.

vertically aligned, see Fig. 10. The beams are pressed together by a
constant pressure g = 1000 defined in the material frame. In the second
load step, a bending moment M 1 is applied to the free end of
the bottom beam so that both beams are bent upwards. Beams have
the same material parameters as in Section 4.3, while the penalty
parameter is set to 107 where applicable. Different discretisations of
both beams and contact are tested, with n denoting the number of beam
elements on each beam.

Since first order beam elements result in a curve made of straight
segments, the contact pressure is dominated by the geometrical con-
straints imposed by the interpolation. As this is a numerically difficult
test case due to high compression loads, only second order beam
elements are tested.
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(b) Contact pressure using 32 elements per beam, g9 = 107
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Fig. 8. Cantilever test: convergence of Lagrange multipliers with refinement of beam mesh.
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Fig. 9. Cantilever test: Contact pressure using 32 elements per beam; comparison of
M2 and MP using two different penalty parameters.

Due to high bending deformation and axial stiffness, the top beam
in the deformed configuration extends beyond the free end of the
bottom beam (see Fig. 11). The high bending stiffness also induces
some separation just before the tip. This effect is captured by all
contact discretisations tested here and results in a pressure spike on

N

Fig. 11.

10

Fig. 10. Coupled bending: setup.
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Coupled bending: deformed state computed with 16 elements per beam.
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(c) Constant interpolation of Lagrange multipliers Ul
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(b) Linear interpolation of Lagrange multipliers M2

Fig. 12. Coupled bending: convergence of Lagrange multipliers with refinement of beam mesh.

the tip, Fig. 12. A drop in the contact pressure is visible in the area
just before that as the top beam deforms away from the bottom one.
The separation causes oscillations in the contact pressure where the
numerical procedure integrates over a discrete jump.

Using the Ul method, one can observe similar results as with M1,
but there are also some short contact elements which do not contribute
to the contact, even though they are well within the contact zone.
This can be contributed to overconstraining as the larger neighbouring
elements do the heavy lifting. This short elements are a product of
the segment-based integration and can cause potential instabilities as
is shown in example 4.5.

This oscillation between two constant values is called the checker-
board mode (Cheng and Ye, 2002) and can be potentially triggered by
the piecewise constant interpolation in any mortar formulation, which
is in our case methods Ul and M1. To stabilise it, one can penalise the
pressure difference in adjacent contact elements (Puso et al., 2012).

4.5. Coupled bending with sliding

This is a continuation of example 4.4 and tests the contact method
during sliding with high deformation. After the bending, the bottom
beam is displaced at its support in the direction of the x axis for a
displacement u. The displacement is applied in increments of 0.0002.
As the two beams separate their combined bending stiffness decreases
and the deformation of both beams increases even further. The final
deformed shape at u = 0.04 is shown in Fig. 13.

The evolution of contact during sliding is shown in Fig. 15. From
the plots we can see, that the contact zone continuously evolves. The

11
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0.00{ s
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Fig. 13. Coupled bending with sliding: deformed state computed with 16 elements per
beam.

contact zone is shortening while also a new pressure jump appears at
the beginning of the contact zone. This results in high oscillations for
the mortar method, Fig. 14, especially with higher number of elements.
Nevertheless, the mortar method is stable and can solve the sliding
problem without difficulties.

In contrast, the algorithm Ul experiences convergence problems
during sliding. Since Ul uses segment-based integration as discussed
in Section 3.4: Discretisation, this approach produces more degrees
of freedom than mortar method which results in poorer conditioning



J. Tomec and G. Jelenié¢

International Journal of Solids and Structures 286-287 (2024) 112586

1500 1500 n
n=2~8 - n=23_
— n=106 n =16
10001 —— n=32- 10001 —— n =32
_— n =04 - —_— n =064
~ -— - — ~
5001 L 5001
_—_ -
0L -~ 0L , :
0.0 0.1 0.2 0.3 0.0 0.1 0.2 0.3
T xT
(a) Constant interpolation of Lagrange multipliers M1 (b) Linear interpolation of Lagrange multipliers M2
1500 1500
—— n =16 —— n =106
1000 —— n =32 10001 —— n =32
—_— n =04 —_— n =064
~ ~
5001 500+
0 , , 0 : ,
0.0 0.1 0.2 0.3 0.0 0.1 0.2 0.3
T xT
(c) Penalty method MP (d) Penalty method UP
Fig. 14. Coupled bending with sliding: Convergence of Lagrange multipliers with refinement of beam mesh.
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Fig. 15. Coupled bending with sliding: evolution of the contact with sliding computed with M2 and 8 beam elements.

of the numerical system and introduces more nonlinearities during
sliding as the elements are created and destroyed. Interestingly, the
penalty variant does not share the difficulties in this regard as it is
not burdened with determining the active set of Lagrange multipliers,
etc.

12

The penalty method again shows that the discontinuities present
no problem and one obtains a continuous contact pressure. This is
true for both MP and UP algorithms. As shown in the previous ex-
ample in Fig. 8(c), the convergence highly depends on the penalty
parameter which prevents higher values which would result in lower
penetration.
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Fig. 16. Coupled bending with sliding: evolution of the contact with sliding computed
with MP and 8 beam elements.

Fig. 16 shows the evolution of the gap function at different points
of the simulation for the penalty formulation MP. Comparing it to
the results obtained with M2 in Fig. 15, the maximum penetration
is similar, however, the penetration is present throughout the contact
zone as is expected for the penalty formulation, as the contact force
requires penetration to exist. The average penetration is closer to zero
with the M2 method as it allows some positive gap in the middle.

4.6. Twisting beams

Two parallel cantilever beams are placed one above the other and
separated by an initial gap of 0.0005. The beams are of length 1 and
material parameters EA = 0.628, GA = 0.242, GJ, = 0.12 and EI = 0.16.
The cross-section is circular with radius 0.001. The beams are fixed at
one end, while the other is displaced in a circular fashion to complete a
full revolution in 40 load steps. The nodes on the displaced end of the
beams are allowed to freely rotate. Each beam is discretised using 16
quadratic elements. The iterative process is stopped when the energy
norm 10-8 is achieved.

Fig. 17 shows the deformed configuration of the beams. The results
show some asymmetry due to different boundary conditions on each
end as can be seen both in the gap and contact-force distribution in
Figs. 18(a) and 18(b). Comparison of the mortar and the unbiased
method with the same contact-force model shows complete matching
of the results in all respects: gap distribution, contact-force distribution
and the number of iterations (see Figs. 18(a), 18(b) and Table 5). The
unbiased method is slower because each element is computationally
more expensive while also more elements need to be evaluated.

As in Section 4.3, we can observe some oscillations in the contact
pressure at the boundaries of the contact. The penalty method numer-
ically introduces some finite stiffness of the cross-section resulting in
smooth gap and pressure fields. This example confirms the results of the
example 4.3. The total number of iterations is the same for the mortar
and the unbiased method, while the computational efficiency remains
in favour of the mortar method. The computational cost of the penalty
method varies with the penalty parameter. For a low value, e.g. €5 =
100, the method is the fastest among the tested, while admittedly the
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results are physically questionable as the penetration is around 10% of
the cross-section radius. For a larger value of the penalty parameter,
e.g. gy = 400, the computational cost increases as does the processing
time, as visible in Table 5. The high number of iterations per step
indicate that the load increment should be reduced for optimal perfor-
mance. Dependency of the average number of iterations per step on the
penalty parameter is plotted in Fig. 19. Interestingly, with 40 steps, the
increase is not monotonous which we contribute to undetermined local
anomalies. Since this is a large time-step increment for this example,
its decrease is expected to smoothen the trend. This is supported by an
additional data set at 48 time steps.

4.7. Braiding

This test is an extension of the Twisting beams test 4.6 and simulates
a situation with more complicated contacts. Three fibres of diameter
0.0001 are simply supported on one end and have roller supports on the
other to allow axial movement. Fibres are also unable to rotate around
their axes by disabling rotational degree of freedom corresponding to
the axial rotation in the simple support. The material properties of the
fibres are: EA = 250, GA = 90, GI, = 50 and EI = 60. Fibres are
positioned in a vertical plane with 0.0001 gap between each of them,
as shown in Fig. 20. Each fibre is 0.05 in length and is discretised using
25 beam elements.

Before starting the braiding motion, the fibres are tensed with an
axial force of 10. Afterwards, the braiding process starts, which follows
simple circular movement to switch the positions of the middle fibre
end-point and the one of a side fibre, keeping an alternating pattern.
The applied step size is z/30 requiring 60 steps to complete a full
rotation of a fibre pair. The final deformed shape can be viewed in
Fig. 21.

The results cannot be obtained with the mortar method using either
constant or linear interpolation of the Lagrange-multiplier field — the
system does not converge after the onset of contact. The mortar element
with the penalty method MP is able to continue and complete about one
rotation of a fibre pair. The unbiased formulation appears to be the best
choice for this example with the penalty method element UP reaching
70 load steps and Lagrange-multiplier element U1l reaching almost two
rotation as can be seen in Table 6. As this example represents the most
general contact of the ones presented in this paper, this indicates that
the mortar method might not always be the optimal formulation with
respect to the robustness.

5. Conclusion

In this paper we have developed a new discretisation method for
a distributed contact formulation. It is unbiased with respect to the
selection of the contact sides. It results in two new contact finite
elements for which we have provided residuals and full linearisation.
We have shown that such approach can increase robustness, however,
we have also noted that the designed algorithm is quite complex as it
requires computation of integration boundaries. We have included also
a derivation of the mortar method to illustrate the similarities between
the two formulations.

The developed contact elements have been compared to each other
in a set of examples with an emphasis on identifying objectivity,
robustness and computational cost. We have highlighted several key
findings:

Table 5
Twisting beams: Formulation performance comparison.
M2 M1 MP £,=100 MP &,=400 U1 UP £,=100 UP £,=400
total num. of iter. 113 108 92 604 108 92 504
mean num. of iter. per contact step 2.05 2.0 2.3 15.1 2.0 2.3 12.6
rel. comp. time (ref.: M2) 1.00 1.16 0.64 4.2 1.39 0.95 5.2
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Fig. 17. Twisting beams: final deformed configuration after twisting (cross-section is scaled by a factor of 5 for visualisation purposes).
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Fig. 18. Twisting beams: comparison of the final state of the contact.
Table 6
Braiding: Formulation performance comparison.
M2 M1 MP (g, = 10°) Ul UP (g, = 10°)
total number of load steps 17 17 61 111 70
mean number of iterations per contact step / / 2.78 2.33 2.20

» We have demonstrated the objectivity of the unbiased formula-
tion.

» The Lagrange multipliers methods have been shown to exhibit
superiority in terms of stability and robustness in most cases.

» From a computational standpoint, the penalty method offers
faster performance.

» The mathematical model of a beam introduces discontinuities in
the contact pressure, resulting in numerical fluctuations. These

fluctuations tend to be more pronounced when higher-order in-
terpolation of the Lagrange-multiplier field is used.

+ In pursuit of stability, it is generally preferable to use a lower
order of Lagrange-multiplier interpolation.

» Estimating the penalty parameter can be challenging, as it signif-
icantly impacts convergence and the final solution.

» The use of segment-based integration in combination with La-
grange multipliers method (method U1) can lead to instabilities
during sliding.
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Fig. 19. Twisting beams: convergence with respect to the penalty parameter.

/

Fig. 20. Braiding: undeformed.

\

Fig. 21. Braiding: deformed.

Since the exact local behaviour in the contact region between beams
is abandoned already by introducing geometrically exact beam theory
(rigid cross-section), an important aspect of a beam-to-beam contact
formulations is in the general robustness and reliability of the method.
These, as we have shown through numerical experiments, may vary
from case to case but tend to improve by using the Lagrange multipliers
method and even further by making it unbiased.
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Appendix. Unbiased projection algorithm

To obtain s, and s, from (34) and (35) we define

(x; + x’z)T(xl —X3)
%(sl +5y)— 8

f(51a52)=
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and look for the solution of the equation f(s;,s,) = 0. The first-order
Taylor series expansion then leads

h
F(si+hsy+hy) = fs1,8) + Vg 5,1 f(51,5) {hl} =0, (A1)
2
where
T .1 T T .1 Y
pTx! +1Tx!  plx!! —tTx
Visisn f(51.50) = ! T 7

2 2

Eq. (A.1) is then solved iteratively in the standard Newton-Raphson
way.
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